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GRAPHICAL DETERMINATION OF HEXAGONAL AND 
TETRAGONAL CRYSTAL STRUCTURES FROM 
X-RAY DATA. 


By ALBERT W. HULL AND WHEELER P. DAVEY. 


SYNOPSIS. 


Graphic Method for Interpreting X-Ray Patterns of Powders.—For each type of 
lattice the logarithms of the theoretical spacings of the different planes are plotted 
as functions of the axial ratio. Six such plots are reproduced, three for the hexagonal 
and three for the tetragonal system. By plotting the logarithms of the observed 
spacings on the edge of astrip of paper, this may be fitted by trial to the theoretical 
plot; the axial ratio and type of lattice being thus found in a few minutes. 

Crystal Structure of Zn, Cd, In.—As examples three complete analyses are given. 
Zinc is shown to be a hexagonal close packed assemblage of prolate spheroids. 
The axial ratio is 1.860 and the side of the unit triangle 2.760 A. Cadmium shows a 
structure like that of Zn, with axial ratio 1.89 and elementary triangle 2.980 A. 
Indium shows a structure nearly like Al (cubic close-packed), viz., a tetragonal 
close packed arrangement of prolate spheroids, with axial ratio 1.06 and a unit 
square of 4.58 A. 

INTRODUCTION. 


‘NUBSTANCES available for X-ray crystal analysis by the Bragg 
method fall into three classes: 
A. Simple substances, i.e., elements and simple compounds, regarding 
which no reliable crystallographic data exists; 
B. Complex substances, i.e., compounds containing three or more dif- 
ferent kinds of atoms, with reliable crystallographic data; 
C. Complex substances with no crystallographic data. 

Substances of Class B are obtainable in large crystals, and hence are 
easy to investigate, and much useful information may be obtained. 
Their complete analysis, however, requires a better knowledge of the 
laws of X-ray scattering than we possess at present. 

This knowledge may be most easily and reliably obtained from the 
study of Class A substances. There are a great many of these, and their 
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investigation in powder form is very easy, by the method previously 
described.! 

In the X-ray powder photographs the patterns that represent cubic 
arrangements can be recognized at a glance, and their complete analysis 
requires only a few minutes. Anisometric crystals are almost as simple 
if correct crystallographic data are available. Without such data one 
must proceed either by systematic mathematical analysis,? or by a 
series of guesses. Either method is, in general, very laborious. The 
process of guessing becomes very easy, however, by the use of plots. 


DESCRIPTION OF PLoTs. 


The plots (Figs 6-11) show the spacings of all possible planes (within 
the range of the plot) as a function of axial ratio.’ 

The scale of abscissas is logarithmic, so that if the planer spacings are 
plotted on the same logarithmic scale (shown on the bottom of each plot) 
they may be compared directly with the observed values without regard 
to the absolute length of the unit axes. 

Three plots are given for each system. The first represents a single 
lattice of right triangular prisms and tetragonal prisms respectively; 
the second, two intermeshed lattices; and the third, three intermeshed 
lattices for the hexagonal and four for the tetragonal system. 

The single lattice is an aggregate of points whose cartesian coérdinates 
are m, n, pc, where m, n, and p represent all possible integers, c is the 
axial ratio, and the unit of length is the side of the unit triangle or 
square respectively. 

The two intermeshed lattices of triangular prisms have coérdinates 


m,n, pe, 
m + 1/3; + 2/3; (b + 1/2)c. 


This is the arrangement which, when the axial ratio is 1.633, gives the 
closest possible packing of equal spheres. It is therefore designated as 
“hexagonal close packing,” though it is obviously not the closest packed 
arrangement of spheres for all axial ratios. 

The two intermeshed lattices of tegragonal prisms have codrdinates 


m,n, pe, 


m+ 1/2;n + 1/2; (p+ 1/2)c 
1A. W. Hull, Puys. REv., 10, 661, 1917. 
2 C. Runge, Phys. Z., 18, 509, 1917. 
Johnsen u. Toeplitz, Phys. Z., 19, 47, 1918. 

’ The term axial ratio is used in its strict sense, viz., the ratio of the fundamental translation 
distances of the point lattice along the vertical and lateral axes respectively. 

For the hexagonal and tetragonal systems this is equal to the ratio of altitude to side of 
the unit triangular prism and tetragonal prism respectively. 
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and constitute a single lattice of body centered tetragonal prisms. 
The three intermeshed triangular lattices have codrdinates 
m,n, pc, 
m + 1/3; + 2/3, (b + 1/3)¢, 
m + 2/3, + 1/3, (b + 2/3)¢. 
This gives complete rhombohedral symmetry, and is equivalent to a 
single lattice of rhombohedra of which the edge is ¥1/3 + c/9 times the 
edge of the unit triangle, and the angles between ‘edges 1.e., the face 
angles of the rhombhedra, are each equal to 2csc~'2 V1/3 + c/o. 
The four intermeshed tetragonal prisms have indices 
m,n, pe, 
m+ 1/2, + 1/2, pe, 
m + 1/2, n, (b + 1/2)c, 
m,n + 1/2, (pb + 1/2)c, } 


and constitute a single lattice of face-centered tegragonal prisms. 


Use oF PLots. EXAMPLES. 


As illustrations of the use of the plots the complete analysis of zinc, 
cadmium and indium will be described. 


Zinc. 


Zinc has atomic weight 65.37, density 7.1, and crystallizes, according 
to Groth (measurements of Williams & Burton) holohedral hexagonal, 
with axial ratio 1.3564. 

Powder photographs of pure zinc prepared in different ways gave 
identical patterns (using molybdenum monochromatic X-rays) with 
the spacings shown in Table I. 











TABLE I. 
Zinc 
in(Betisnted). = “or a saa Intensity of Line. | Planar Spacing. 

10 | 2.473 2 1.088 
4 2.315 | 2 1.044 
20 | 2.080 | 1 947 
4 | 1.684 | 2 .908 
5 | 1.339 | 4 857 
5 | 1.333 2 824 
1 | 1.235 2 .770 
4 1.173 1 .749 
2 1.152 6 .734 
4 1.121 3 667 
2 654 
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In order to compare these observed spacings with the theoretical ones 
of the plots, a strip of paper is placed beneath the scale of abscissas of 
the plot (position 1, Fig. 1) and the values of planar spacings from 
Table I. laid off along its edge. This strip with its pattern of lines is 
then moved over the plot, with its edge always parallel to the axis of 
abscissas, until a position is found where its pattern exactly coincides 
with that of the plot. ‘‘Position 2,” Fig. 1, shows the best fit that can 
be obtained at the accepted axial ratio 1.356, and “position 3,’’ Fig. 2, 
the correct position, at axial ratio 1.860. The agreement is exact. 
The plot shows that the second spacing, viz: 2.315 A. belongs to the 
form 1010, hence the side of the unit triangle, which is 2/¥3 times the 
1010 spacing, is 2.670 A. The number of atoms per unit triangular 
prism is 


a = side of elementary triangle in cm. 
~— N3 a*cp _— ¢ = axial ratio, 
4 M = density, 


| 11 = mass of I atom in grams. 


which is correct for two intermeshed triangular prism lattices. The zinc 
lattice is therefore similar to that of magnesium (hexagonal close-packed) ex- 
cept that it is elongated 14 per cent. in the direction of the principal hexagonal 
axis. The arrangement is that of closest packing of prolate spheroids, 
indicating that the zinc atom is polar and elongated, as suggested by 
Langmuir.! 
Cadmium. 

Filings of pure cast cadmium were photographed with Mo. monochro- 

matic X-rays and gave the spacings in Table II. 














TABLE II. 
Cadmium. 
ye te ” a An in nico m Intensity of Line. Planar Spacing. 

20 2.817 1 1.225 
10 2.585 2 1.165 
60 2.336 2 1.060 
12 1.900 2 1.025 
10 3.3135 2 1.023 

8 1.490 (wide, 4 not .958 

resolved) 

1 1.400 1 .918 

10 1.313 3 .861 

~ 6 1.257 2 .820 

















1 Langmuir, Arrangement of Electrons in Atom: and Molecules. J. Amer. Chem. Soc., 
41, 879, 1919. 
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The scale of abscissas on the plots is not quite long enough to enable 
all the values of planar spacings in Table II. to be laid off directly. 
They may be brought within the range of the plot, however, by dividing 
them all by 2; or the first two spacings may be laid off with the strip in 
position 1, and the rest in position 2, Fig. 3. The strip is then moved 
about on the plots until the correct position is found. This is shown at 
position 3, Fig. 3, at axial ratio 1.89. The best fit that can be obtained 
at the commonly accepted axial ratio 1.335 is shown in position 4, Fig. 4, 
and position 5, Fig. 4, shows the next most plausible guess, at axial 
ratio 1.633, which is hexagonal close packing. This fit is very bad, but 
close enough to tempt one to look for the correct axial ratio in the imme- 
diate neighborhood of 1.633. This would be a false lead, however, since 
the order of many of the lines, notably the first two, reverses in passing 
from axial ratio 1.633 to 1.89. 

From the value of the 1 0 I O spacing, as identified by the plot (position 
3, Fig. 3), the side of the elementary triangle may be calculated, viz., 


N 
a= duis = 2.980 A. 


The number of atoms per unit triangular prism is 
V3 a*cp _— 
——— = 1.005, 
4 M 5 


which is sufficiently close to the correct value, 1,000, for two intermeshed 
triangular prism lattices in close packed arrangement. 

The cadmium lattice is therefore a close-packed arrangement of elongated 
atoms, like that of zinc, the elongation being 16 per cent., as compared 
with 14 per cent. for zinc. 

Indium. 

A photograph of finely powdered indium, of unknown purity, gave 

the following lines (Table III.). 


TABLE III. 
Indium. 
Intensity of Line (Estimated). Planar Spacings in Angstroms. 
Ra ects 55s Ok PERU eles Rn he SORE TA Eee oneeweaeae 2.70 
EE EE Ee RE OE EE ee EEE, Ct AERP TE ee 2.42 
MMi cnwhancees tens Raat ons een hee hee seed 2.29 
Diitcnavadskedeckedeeeeunwans cheb dana anna duvAamnaed 1.675 
Bits dag akitaasih ORAS Shae abite Reema ae Genie Redes 1.617 
Be Seis ae oetenea mucha ate brn ca eae earhen ae Rech eee eR wene ee 1.450 
Dic ceed aeaees ech es FhKEe eke bed be aeaeesabak ee eae 1.392 
ee eS ee eT ee ee ee ee ee 1.348 
Binh: SAGA Sone eRe re Sa hehe web en Saeeenes eee weee 1.150 


EE EO eee ee ee ee he eT ee tee 1.080 
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Zinc spacings compared with triangular close packing plot. 





SERIES. 
= 
~~ 
s 
_— 3 
¢ 














ot XVII] GRAPHICAL DETERMINATION OF CRYSTAL STRUCTURE. 555 






Posilion ZF. 


TRIANGULAR CLOSE PACKING LAT TICE (HEXAGONAL SYSTETI) 





Fig. 2. 


Zinc spacings compared with triangular close packing plot. 
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Fig. 3. 


Cadmium spacings compared with triangnlar close packing plot. 
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TRIANGULAR CLOSE PACKING LATTICE (HEXAGONAL SYSTESY) 
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Fig. 4. 


Cadmium spacings compared with triangular close packing plot. 
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Fig. 5. 


Indium spacings compared with face-centered tetragonal plot. 





FACE CENTERED TETRAGONAL LATTICE 


SECOND 
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The spacings in Table III. are laid off on a strip of paper, and this 
strip moved about on the different plots until a position is found (Fig. 5) 
where the pattern exactly fits the plot. 

The only data on indium given by Groth is an observation of Sachs 
that it crystallizes in regular octahedra. Inspection of the film showed 
at once that it was not cubic, and this was checked by trying the strip 
of paper on the tetragonal plots at axial ratio 1. It remained, therefore, 
to move the strip over the different plots until a position was found on one 
of them which matched the pattern of lines on the strip. In this case 
it took less than five minutes to find the correct position, as shown on 
Fig. 5, position 3. 

The plot shows that the third spacing, 2.290A., is half the fundamental 
spacing of the 100 planes (second order reflection from 100) of a simple 
tetragonal lattice. Hence the side of the unit square is a = 4.58A., 
the height of the unit prism is ca = 1.06 X 4.58 = 4.86A., and the 
number of atoms per unit prism, taking the density of indium as 7.45 is 


a®cp 


= = 400 


which is correct for a face-centered tetragcnal lattice. 

The lattice of indium is therefore similar to that of aluminum (cubic 
close-packed) except that it is elongated 6 per cent. in the direction of the 
principal axis. This lattice, like that of zinc and cadmium, is a close 
packed arrangement for oblate spheroids, indicating that the indium atom 
also is slightly elongated. 


GENERAL REMARKS. 


The plots reproduced in Figs. 6-11 are all drawn to the same scale, 
and photographed without distortion, so that experimental values laid 
off on a strip of paper according to the scale at the bottom of any one of 
the plots may be used on all the plots. 

These plots cover all possible arrangements of atoms in the cubic, 
hexagonal (including trigonal) and tetragonal systems. Only three 
specific arrangements have been given for each system, viz., simple 
prism, centered, and face-centered arrangements in the cubic and tetra- 
gonal systems, and simple prism, close packed, and rhombohedral arrange- 
ments in the hexagonal system. It is obvious, however, that these and 
all other possible arrangements are obtained from the simple tetragonal 
and triangular prism lattices respectively by simply omitting part of the 
lines. This will be more obvious, perhaps, if stated in the form of two 
fundamental principles: 








ow 
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Fig. 6A. 
Simple triangular lattice (hexagonal system). 
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Fig. 6B. 
Simple triangular lattice (hexagonal system). 
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Fig. 7A. 


Triangular close packing lattice (hexagonal system). 
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Triangular close packing lattice (hexagonal system). 
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Fig. 7C. 


Triangular close packing lattice (hexagonal system). 


[Scale 1 per cent. larger than 


the others.] 
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Fig. 8A. 


Rhombohedral lattice (hexagonal system). [Scale 1 per cent. smaller than the others.] 
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Fig. 8B 
Rhombohedral lattice (hexagonal system). 
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Fig. 9. 


Simple tetragonal lattice. [Scale 44 per cent. smaller than the others.] 
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Body-centered tetragonal lattice. 
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Fig. 11. 


Face-centered tetragonal lattice. 
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1. All possible arrangements of atoms in the cubic, tetragonal, or 
hexagonal systems may be obtained by the combination of one or more 
identical simple space lattices of cubes, right tetragonal prisms, and right 
60° triangular prisms respectively. 

2. The intermeshing of two or more identical lattices weakens or 
causes to disappear some of the lines due to a single lattice, but can add 
no new lines. 

The cubic forms may be found on either the tetragonal or hexagonal 
plots. For example, the simple cube is given by the simple tetragonal 
lattice with axial ratio 1.00, or the rhombohedral lattice with axial ratio 
1.225; the centered cube by the centered tetragonal lattice with axial 
ratio 1.00, the face-centered tetragonal lattice with axial ratio .707, or 
rhombohedral lattice with axial ratio .612; the face-centered cube by the 
face-centered tetragonal lattice with axial ratio 1.00, the centered tetrag- 
onal lattice with axial ratio 1.414, or the rhombohedral lattice with axial 
ratio 2.45. 

For the other three crystal systems, the orthorhombic, monoclinic, 
and tri-clinic, the graphical solution is less simple, since the relative 
crystal spacings must be expressed as a function of 2, 3, and 5 variables 
respectively. No simple method of representing these relations in a 
single plot is available, but in practice it may be found that many crystals 
belonging to these systems approximate sufficiently closely to one of 
the systems of higher symmetry, represented in Figs. 6-11, to enable the 
correct lattice to be guessed approximately from these plots, and found 
by a few trial calculations. 


RESEARCH LABORATORY, 
GENERAL ELECTRIC COMPANY, 
Schenectady, N. Y. 
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X-RAY CRYSTAL ANALYSIS OF THIRTEEN 
COMMON METALS.! 


By ALBERT W. HULL. 


SYNOPSIS. 


Crystal Structure of Thirteen Metals Determined by X-ray Analysis.—The author's 
method of powder analysis was used. In the case of anisometric substances, the 
crystal system and axial ratio were’found by means of plots by the method described 
in the preceding paper. The lattices of chromium, molybdenum and tantalum were 
found to be body centered cubes with sides 2.895, 3.143 and 3.272 A. respectively; 
cobalt alpha, nickel, rhodium, palladium, iridium and platinum have face centered 
cubic lattices with the sides of the cubes 3.554, 3-540, 3-820, 3.950, 3.805 and 3.930 A. 
respectively; cobalt beta, zinc, cadmium and ruthenium have hexagonal lattices of the 
“close-packed” type with axial ratios 1.63, 1.86, 1.89 and 1.59 respectively and 
with the triangular sides 2.514, 2.670, 2.960 and 2.686 A. respectively; and indium 
has a face-centered tetragonal lattice with axial ratio 1.06 and the side of elementary 
prism 4.58 A. The structures found for cadmium, zinc and indium are close packed 
arrangements of solid prolate spheroids while that for ruthenium is a close packed ar- 
rangement of oblate spheroids. 


INTRODUCTION. 


HE extension of the Bragg method of crystal analysis to powdered 
materials has been described elsewhere* and need be only briefly 
summarized here. The photographs were taken with the same apparatus 
and in the same manner as those previously described, and the inter- 
pretations were made in the same manner, except that the process of 
guessing the correct lattice was greatly simplified by the use of logarith- 
mic plots of crystal spacings against axial ratio. These plots are fully 
described in the preceding paper. 

For convenience of reference, the arrangement of apparatus is repro- 
duced in Fig. 1. Intense characteristic X-rays of wave-length 0.712 A. 
were produced by a water-cooled molybdenum Coolidge tube, running 
at” 30,000 volts constant potential and 30 milliamperes. A filter, con- 
sisting of a thin sheet of cellulose binding material containing .05 gram 

1 The results of these analysis have been briefly announced elsewhere: Co, Ni, Cr, Mo, 
and Pt in Proc. A. I. E. E., 38, 1189, 1919; the rest in Science, 52, 227, Sept. 3, 1920. 

? Graphical Determination of Hexagonal and Tetragonal Crystal Structures from X-Ray 
Data, by Albert W. Hull and Wheeler P. Davey. This number, pp. 549-570. 


3’ Puys. REV., 10, 661, 1917. 
4 Loc. cit. 
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of ZrOz per cm.?, absorbed almost completely all wave-lengths except the 
K-alpha doublet, giving a monochromatic source. The smooth face 
of the X-ray target made an angle of 10° with the line joining it to the 
two defining slits. These were each 2 mm. wide and 1 cm. high, and 
9g and 13 cm. respectively from the focal spot. This gave an intense 
beam of approximately 1° angular width, with a halo, due to rays pro- 
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Fig. 1. 


ceeding from the face and stem of the target, and secondary rays from 
other parts of the tube and lead box, of about 6°. A third slit, 6 mm. 
wide and 2 cm. high, was placed 4 cm. beyond the second defining slit; 
1.e., 17 cm. from the focal spot. This slit was wide enough so that no 
primary rays which were able to get through the first two slits could 
strike it, and its function was to prevent secondary rays from the second 
slit from reaching the photographic film, except for an angular width of 
about 8° in the center. 
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The powdered material to be examined was mounted in a thin-walled 
glass tube, of diameter } to 2 mm., according to density, directly in front 
of the third slit, and at the center of a semicircular brass frame of 20 cm. 
radius. Upon this frame was mounted a strip of standard Eastman 
portrait film 4 cm. wide and 60 cm. long, backed by a calcium tungstate 
intensifying screen. A second filter’ sometimes of .0025 cm. iron, but 
generally and preferably a thin strip of cellulose containing .025 g. of 
ZrO, per cm.*, was placed directly in front of the film to absorb fluorescent 
secondary rays from the powder. These rays, though they produce no 
lines, are often 100 times as intense as the scattered rays which produce 
the line patterns, and their fog completely obscures the lines. The 
exposure was usually over night, about 15 hours. 

A typical film is shown in Fig. 2. 

The films were measured on a standard Keuffel and Esser log log slide 
rule, with movable scale removed. The film was fastened with paper 
clips to the rule, with its center line at the zero of the scale of equal parts. 
The glass slider was then moved over the film, its index line placed suc- 
cessively over the centers of the lines on the film, viewed as a trans- 
parency, and the distances in metric inches read off on the scale of equal 
parts at the bottom. The lines on both sides of the center were read 
independently, so that any scratch or false line, as well as mistakes in 
measurement, could be detected by comparison, and the accuracy of 
reading could be estimated. The readings on the two sides always 
agreed within about } of 1 per cent. 

These distances of the lines from the center of the film were reduced 
to crystal degrees by dividing by 2 (radius of film X 27/360), or 0.2777, 
and then to planar spacings in Angstroms by taking the quotient 
\/(2 sin 6) according to Bragg’s law. 

In the following tables only the planar spacings, with the estimated 
intensities of the lines from which they are calculated, will be given. 
The scale of intensities is chosen so that intensity I represents the weakest 
line that can be identified with certainty. Lines with intensity } or 
even } are considered reliable if found in identical positions on both sides 
of the film. 

For comparison with the observed spacings, the calculated spacings 
are given; 7.e., those of a theoretical lattice of the type assumed, as 
calculated by the equations published in an earlier paper.” 

The calculation of the theoretical intensities of the lines requires a 
knowledge of the effect of temperature, absorption, size of crystals, 


1 The first filter was between the X-ray tube and first slit. 
2? Puys. REV., 10, 671, 677, 1917. 














574 ALBERT W. HULL. Secon 


shape of atoms, and variation of ideal reflecting power with angle, in 
addition to the number of coéperating planes. The effect of all these 
factors except the last, is to produce a nearly uniform decrease of in- 
tensity with increasing angle. The large fluctuations in intensity of 
consecutive lines are due to the variation in the number of different sets 
of planes which coéperate to produce the respective lines. Hence a 
comparison of the number of coéperating planes with the observed 
intensities is a valuable check on the correctness of the identification of 
the lines. These numbers are given in the second column. 

As a final check the densities calculated from the X-ray data, by 
dividing the mass of the atoms in an elementary cell by the volume of the 
cell, are compared with the best values obtained by standard methods, 
as given in Van Nostrand’s Chemical Annual for 1918. 


TABLE I. 
Chromium. 


A sample of very fine chromium powder, from the Metal and Thermit Company, gave the 
following spacings: 
































, , Planar Spacings. 
Intensity of Line. a ee me Indices of Form. 
133-— 
100 6 2.048 2.047 (100 
20 a 1.448 1.448 100 (2) 
50 12 1.183 1.183 | 211 
10 6 1.025 1.024 110 (2) 
30 12 915 915 310 
5 4 .837 .836 111 (2) 
30 24 .774 774 321 
4 3 723 .724 100 (4) 
411 
20 18 682 683 { a 
5 12 .648 .647 210 
2 12 .617 .617 332 
1 12 591 591 211 (2) 
431 
15 36 567 567 { va 
cca eh cite Bi ah irl teeta i aes hc alls ahah wee Body-centered Cube. 
oo oS Fl aunaliee a xdeaurad 2.895 A. 
is cacbacascdanwasdWaeeevecdaes 2.508 A. 
—e se a li at al atl ks un A 7.07 
ed Ss a nea nach choco HR aI RR Ra NL 6.92 


The calculated spacings are those of a body centered cubic lattice, the 
side of the cube being 2.895 A., and the distance between nearest atoms 
2.508 A. 
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Since there are two atoms per elementary cube, the ideal density is 


mass 2M 2X 52.0 X 1.650 
= 7.07; 


volume di? (2.895) 








M = mass of I atom in grams; do = side of elementary cube in cm. 
The density given by Van Nostrand is 6.92. 


TABLE II. 
Molybdenum. 
Very fine powder, by reduction of oxide in He. Excellent photograph. 








| Spacing of Planes. 





























Intensity of Line. Number of Indices of Forms. 
Codperating Planes Observed. | Calculated. 
1 eee : Tener F 
100 | 6 2.215 | 2.221 110 
50 3 1.569 | 1.571 100 (2) 
100 12 1.283 | 1.284 211 
35 6 1.109 | 1.111 110 (2) 
60 12 .993 .993 310 
10 4 .907 .907 111 (2) 
70 24 .839 .839 321 
5 3 .784 785 100 (4) 
‘. | . 110 (3) 
30 18 .739 | .740 Ait 
20 12 .702 .702 210 (2) 
20 12 .669 | .670 332 
20 12 641 641 211 (2) 
431 
35 36 .616 .616 510 
25 24 .574 .574 521 
5 6 .554 .555 110 (4) 
4 530 
25 24 .538 | .538 1433 
. 100 (3) 
P 
20 15 323 | 828 {201 
Type of Lattice............. sc cesevetesessessrssisssssesssssessessssssBody-contered Cube. 
SSE ET OE EE ee ee eT 3.143 A. 
ey I I UI nn ons ow cased eaewsansuesvcewekeueaan 2.720 A. 
— pone I at ae ets oe ieee ts ee 10.16 
eal SE I Sd ica kina Sib Rie wae eee eRe eee w a Se 10.28 


These spacings are identical, within experimental error, with those of 
tungsten. In order to detect the difference, if any, a special photograph 
was taken, giving tungsten and molybdenum on the same film, one above 
the other. This was accomplished by filling the lower half of a small 
glass tube with Mo and the upper half with W, and placing it sym- 
metrically in the X-ray beam so that both halves received equal radiation. 
A brass septum prevented overlapping of the scattered radiation from 
the two samples. 
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This photograph showed the first 6 lines of W exactly above those 
of Mo. The seventh W line was noticeably displaced from that of Mo, 
and the fifteenth lines were displaced by the difference between the 
components of the clearly resolved a doublet (cf. Fig. 1), about 2 mm. 
The Mo lines were the farther from the center, on both sides, thus 
eliminating any error due to imperfect alignment of the samples. 

This gives tungsten a spacing } per cent. greater than that of Mo, viz., 
3.150. 

TABLE III. 


Tantalum. 


Filaments, taken from lamp, crushed. Very faint photograph. 








Spacing of Planes. 
Intensity of Line. | Number Soi |_—$_$__—____._._. 





| 
| Indices of Form. 























erating Planes. | = Observed. Calculated. 
10 6 2.315 2.315 | 110 
3 3 1.636 1.636 100 (2) 
15 12 1.335 1.335 211 
4 6 1.157 1.158 110 (2) 
a 12 1.033 1.033 310 
2 4 -946 .944 111 (2) 
8 24 .872 .874 321 
3 3 .818 .819 100 (4) 
- 110 (3) 
3 18 443 773 { 411 
3 12 .732 .732 210 (2) 
3 12 .697 .697 332 
4 12 .667 .667 211 (2) 
431 
1 36 .643 642 { 510 
ete Aah Gc gic. asad Soy elthriahilol A bh Gia mR RAW oS ere Body-centered Cube. 
ohio. cviai's sb a WN EMS A ROS a Rae EASES 3.272 A. 
ney CIS SOE NGG. 8... 5 noc ee kos ect edccssateeset essen 2.833 A. 
ve sie eine tin winched gabddenns makkeeednied 17.09 
7 EO COCO TT CORTE CEE TS 14.491! 
COBALT. 


The powder photographs of cobalt show two crystalline forms, one 
face-centered cubic and the other hexagonal close packed, both stable at 
room temperature. 

The relation of these two forms to each other, and especially to heat 
treatment and mechanical working, has not yet been studied. 

Tests were made upon samples prepared in three different ways. 

1. Two carefully analyzed samples of very pure cobalt were kindly 


1 This is the value given by Van Nostrand. The most recent determination cited by 
Landolt & Bérnstein (v. Bolton, Zs. Electroch., 11, 45, 05) gives 16.64, in better agreement 
with the X-ray data. 
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furnished for this investigation by Dr. H. T. Kalmus. Filings from 
these samples gave identical patterns of lines, with the spacings given in 
Table IV. They show a perfect hexagonal close-packed lattice with no 


TABLE IV. 
Cobalt (1).! 


Filings from cast cobalt (Kalmus), 99.7 per cent. pure. 


Spacing of Planes. 

















Cooperating vanee poe, NF. ~~ « | . Indices of 
| F | (Estimated). | Observed. Calculated. a 
3 t 75 30 | 2.182 2.176 1070 
1 1 1. 25 | 2.055 2.051 0001 (2) 
6 } 4.5 50 1.920 1.920 1071 
6 2 13 2 1.490 1.493 1012 
$ 1 3. 20 1.250 1.257 1120 
6 ? 4.5 2 | 1.145 1.158 1013 
6 , 15 casi are 1.089 10710 (2) 
6 1 6. 15 1.064 1.072 1122 
6 3 4.5 5 1.045 1.051 2021 
1 1 Zs } 1.013 1.026 0001 (4) 
6 4 ia 3 .953 .961 1011 (2) 
6 i 1.5 ia, aie .928 1014 
6 3 4.5 2 .839 .853 2023 
6 , 1.5 Ot on 823 2130 
12 3 9. 2 197 .807 2131 
6 1 6. 2 | .788 794 1124 
6 3 4.5 } 1 752 { .768 1015 
12 } 3. (wide) | : .765 2132 
6 } 1.5 i .738 747 1012 (2) 
3 1 Jo | 2 rh | 127 1010 (3) 
It er ee ed red a as ata en iets aco he Rd Hexagonal Close-packed. 
De Ee ee ee ee eee Pee ee ee ee 1.633 
Side of elementary triangular prism........................ edit 9a a 
Distance between nearest atoms... ............0000 0c c eee ee eee eee 2514 A, 
Density — of ee Bes ce ta esate ence nal acta ae Ree ea 8.66 
I 5 os ca ac a iat tie ig tcysigk ps ip OEE Wik Dew as .. .8.718 


trace of a cubic form. The same filings, after annealing in Hz at 600° 
for 6 hours, showed a mixture of cubic and hexagonal close packing in 
about equal proportions. It was not found possible by annealing at this 
temperature to cause the crystallization to go over entirely from hexa- 
gonal to cubic form. 


1 This film was taken in a casette of only 10 cm. radius, with the Co filings spread on a 
thin film nearly 3 mm. wide, and there is a systematic error in the readings, amounting to 
about 1 per cent. for the largest spacings. The accuracy is sufficient for the purpose, which 
is to show the perfect hexagonal character of the lattice. The correctness of the value chosen 
for the fundamental spacing was checked by other films. 
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2. A sample of fine powder, prepared by reduction of cobalt oxide in 
H: at about 600°, gave the spacings shown in Table V. These correspond 
to a perfect cubic close-packed lattice. A very faint trace of the hexagonal 
form is present, as shown by the first and third lines, 2.162 A. and 1.922 A. 
respectively. 

TABLE V. 
Cobalt (2). 
Fine cobalt powder, from oxide reduced in H2 at 600°. Lines broken and irregular, due 


to large crystals, making the estimation of intensities difficult, but not interfering with the 
measurement of the spacings. 








| Spaci 
pacing of Planes. 
Intensity of Line. Number of |- - - — —_—— ————-|_ Indices of Form. 





























| Coney a Observed. Calculated. 
1 | a | 2.162 en = 
12 4 | 2.035 2.051 111 
i es | 1.922 natin aah 
1 3 Lite 1.777 100 (2) 
10 6 | 1.257 1.257 110 (2) 
12 12 | 1.071 1.072 311 
4 1,024 1.025 111 (2) 
} 3 .888 .888 100 (4) 
} 12 814 815 331 
5 12 795 794 210 (2) 
1 12 .726 125 211 (2) 
511 
2 16 .686 .684 111 (3) 
1 6 .630 .628 110 (4) 
1 24 .603 .601 531 
1 | 15 .595 594 a. “ 
a olan dk Chien Said tsp ara tne aca Swine Wis wiew-e wal agiea wee Haws a Face-centered Cubic. 
Lau Segue. ecsese oe Wee WOME wb AS es OO TS 3.554 
Distance between nearest atoms........ RAO ee eee De ee eee 2.514 
Sih lalallala aig? 
cir a kiero Sia A ww a eae ee SO 8.718 


3. A third sample, prepared by dissolving a portion of sample I, pure 
Kalmus cobalt, in HeSO, and electrolyzing, showed a mixture of about 
equal amounts of the two forms. The spacings are tabulated in Table VI., 
together with the theoretical spacings of both the cubic and hexagonal lat- 
tices. It is seen that practically all the spacings of both lattices are present. 

In Table IV. two extra columns have been added, to take account of 
the fact that in the hexagonal close-packed lattice the number of planes 
which coéperate to produce a line is not a correct index of the intensity 
to be expected, even for consecutive lines, since in some sets of planes the 
planes are not equally spaced, and hence their reflections are not all in 
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phase. The number, N, of codperating sets of planes must be multi- 
plied by the “ phase factor,” F, of each set of planes, which is the 
ratio of the square of the sum of the amplitudes of reflection from all 
the planes in the set added as vectors, to the square of their algebraic 
sum. The product NF will be seen to represent very well the fluctuations 
in intensity of consecutive lines, thus confirming their identification. 


TABLE VI. 
Cobalt (3). 


Fine powder, obtained by rapid electrolysis of sulphate. Lines rather diffuse. 











Spacing of Planes. 


nny af Sean. Observed. Theoretical Face-centered | Theoretical Hexagonal 








ubic. Close-packed. 
5 2.158 re 2.176 
20 2.037 2.051 2.051 
20 | 1.915 wba 1.920 
1.773 1.777 tai 
} | 1.484 ee 1.493 
10 1.250 1.257 1.257 
2 1.148 oe 1.158 
ss ete _— 1.089 
12 1.066 1.072 1.072 
3 1.045 aren 1.051 
2 1.017 1.025 1.025 
1 952 me 961 
“a .928 
o: 888 | : 
1 846 853 
<i - j .823 
815 | ie 
I 802 a 807 
1 78 794 .794 
.768 
.765 
- ~_ oe 747 
3 .723 725 | 727 
1 701 cas .706 
A .682 684 .684 
NICKEL. 


In a previous paper! some preliminary measurements on nickel were 
reported, which seemed to indicate two crystal forms, one face-centered 
cubic, the other body-centered cubic. The photographs were very poor, 
and the results were given as questionable. 

These experiments have been repeated with great care. Many photo- 


1 Puys. REV., 10, 692, 1917. 
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graphs have been taken of nickel powder prepared in different ways, 
including electrolysis, reduction of oxide in hydrogen, filings from cast 
nickel, and the same annealed in hydrogen at different temperatures. 
All gave identical patterns of lines, showing face centered cubic structure. 
The samples used in the preliminary tests have been lost so that these 
tests cannot be checked; but sufficient data has been taken to show that 
the centered cubic form, if it exists, does not appear under ordinary con- 
ditions of preparation. 

The following measurements, obtained with fine-nickel powder pre- 
pared by rapid electrolysis of nickel ammonium sulphate, are typical: 


TABLE VII. 
Nickel. 


Fine powder, by electrolysis of nickel ammonium sulphate. 























| Spacing of Planes. 
Intensity of Line. | Cos ampee : nee a —| Indices of Form. 
epee , Observed. Calculated. 

50 4 2.038 2.042 111 
25 3 1.766 1.770 100 (2) 
20 6 1.252 1.253 110 (2) 

30 12 1.067 1.065 311 
5 4 1.022 1.022 111 (2) 
1 | 3 .884 .885 100 (4) 

10 12 812 812 331 
8 12 91 791 210 (2) 
5 12 123 ota 211 (2) 
} ri 
jl 111 (3) 
8 .68 a wi 

5 | 16 681 681 { oon 
4 6 -625 .625 110 (4) 

4 24 .598 .598 531 
" " . 100 (6) 

2 15 .590 591 24 | 
Re Ng mal tw a Gwldaslnle dda div net 6 aaa ae he wen Face-centered Cubic. 
I ol ae bo be wn ee 3.540 A. 
Distance between nearest atoms....... 2.0.2.0... 000 cee cece ceccceeees 2.505 A. 

. Rca oc sa Sine ci gee kek ia lh ack ieee eee 8.72 
anally oe I a asa aid hase Parad arboe as wees ae OR WEES 8.6-8.93 
ZINC. 


The planar spacings obtained from measurements of the powder 
diffraction pattern do not fit an hexagonal lattice with the axial ratio 
1.356 calculated from crystallographic measurements.' The deter- 
mination of the true axial ratio, 1.860, by means of graphs representing 
planar spacings as a function of axial ratio, is described in the preceding 


1 See Groth, Chemische Krystallographie, Vol. 1. 
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TABLE VIII. 
Rhodium. 
Fine powder, from electrolysis of pure rhodium chloride. 
































Spacing of Planes. 
Intensity of Line. Number of — Indices of Form. 
Cotpecnting Panes. Observed. Calculated. 
50 4 2.200 | 2.203 111 
10 3 1.908 1.910 100 (2) 
10 6 1.350 1.353 110 (2) 
15 12 1.150 1.150 311 
2 4 1.100 1.103 111 (2) 
ae 3 er .955 100 (4) 
2 12 .878 | .875 331 
1.5 12 853 .853 210 (2) 
1.0 12 781 779 211 (2) 
os 111 (3) 
16 | 731 { 
3 | 736 511 
sae 6 Pete .675 110 (4) 
3 oe 24 | 647 646 _ S531 
ns bokeh owns een eee hee aap a woe ok Ree ew ake se aeeeeee Face-centered Cubic. 
EES SECRETE ID LALLA PE IERIE OAT TTR OTT 3.820 A. 
ee I US oink ccc dn nrveceseewsseee sunken 2.700 
a NUNN 5 icc 8c Sk ww iol a 12.18 
aed Se CS oc Ge inde eeow dee aaeewek ee weweNee 12.1 
TABLE IX. 
Palladium. 


Powder very fine, lines diffuse and faint. 





| Spacing of Planes. 
Intensity of Line. Number of Codper- 





Indices of Form. 























ating Planes. = Observed. | Calculated. 
| —— ee 
10 4 2.274 2.280 111 
4 3 '. 1,966 1.975 100 (2) 
10 6 | 1.398 1.399 110 (2) 
15 12 1.192 | 1.189 311 
4 | 1.140 111 (2) 
3 | si | 987 100 (4) 
| 12 | .909 .906 | 331 
1 12 .886 .882 210 (2) 
1 12 | 807 .806 211 (2) 
| 7 111 (3) 
2 16 | .759 : .760 | { S11 
6 | sae .697 110 (2) 
} 24 .668 .668 531 
| 100 (6) 
t Zz Bw : 656 660 | Aan 
nul alte ahaha eee eeesasen st peat sskedenesearenane seat Face-centered Cubic. 
I os 5 oe corps sc acces edad es ebaseasieunenw en 3.950 
ES Ee Pe Se ere 2.795 A. 
Density ia saan (ualeu bb dk se eabdesbesse balan en 11.40 
et I I i se tose sanencded ee aGaWaabne wines 11.4 to 11.9 





i 
1 
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TABLE X. 


Iridium. 
Powder very fine, lines diffuse and faint. 

































































Intensity of Line. | Number of Seed —-- — SS... ——| Indices of Forms. 
| Cotpenating Ptante. Observed. Calculated. 
4 4 2.185 2.193 111 
2 3 1.898 1.902 100 (2) 
4 6 1.346 1.347 110 (2) 
4 12 1.150 1.145 311 
1 4 1.092 1.096 111 (2) 
3 ns .952 100 (4) 
2 12 .872 .872 331 
3 12 .847 .850 210 (2) 
3 ” ~ .776 .776 211 (2) 
111 (3) 
4 16 .732 .732 511 
a 6 —_ -672 100 (6) 
2 24 .642 .643 531 
i aie dal nine asia ahd SARK AAR OMETS DERE A CSA SE RAR SEaOEN Face-centered Cubic 
EE FE OO ET CORES Oe ry ee 3.805 A. 
Distance between nearest atoms....... 2... 0.00. c cece eee eeeee 2.690 A. 
—_ — lS aiid tc ain eed eee need ted 23.15 
od a a ss acid ecco Sih Sa 22.42 
TABLE XI. 
Platinum. 
Spacing of Planes. Poli 7 
Intensity of Line. Number of Indices of Form. 
Co¥perating Planes./ = Onserved. Calculated. 
10 4 2.265 2.266 111 
4 3 1.958 , 1.964 100 (2) 
10 6 1.387 _ 1.390 110 (2) 
15 12 1.183 1.183 311 
2 4 1.137 1.134 111 (2) 
1 3 -983 | .983 100 (4) 
5 12 -902 .901 331 
5 12 .878 .878 210 (2) 
4 12 .800 .802 211 (2) 
111 (3) 
2 1 758 756 { 
. $11 
6 a .694 . 110 (4) 
2 24 -663 -664 531 
| 100 (6) 
1 6 | 657 { 
as - 221 (2) 
ESE ey eR aie eee Pee ee eT Face-centered Cubic. 
POT a I rs eee ee 3.930 A. 
Oe OEE ISVIOSSS SS EPEE'NS EE OEE TET 2.780 A. 
— pee a eee aces nnnamemadeeneNen 21.23 
S*Y | py standard methods..................... RE: 19.96 
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paper in this number, and only the summary of results need be given 
here. 

The zinc lattice is found to be a combination of two simple right tri- 
angular prism lattices, each of axial ratio 1.860, and side of elementary 
prism 2.670 A., with the atoms of one lattice at the centers of the prisms 
of the other lattice. The cartesian codrdinates of the positions of the 
atoms are therefore 

m, n, pc, 


m + 3, n + 3, (p + 3), 
TABLE XII. 


Zinc. 
Fine powder, from oxide reduced in Hz at 600° C 












































Number of Codper- Spacing of Planes. 
Intensity of Line. ating Planes Indices of Form. 
X Phase Factor. Observed. | Calculated. 
3 1.0 2.472 | 2.466 0001 (2) 
1 0.75 2.293 2.295 1010 
10 4.5 2.077 2.080 1071 
2 1.5 1.684 1.678 1012 
10 4.5 1.339 1.337 1013 
10 3.0 1.332 1.326 1120 
4 1.0 1.235 1.232 0001 (4) 
7 6.0 1.172 1.166 1122 
3 0.75 1.152 1.148 1070 (2) 
4 - 4.5 1.121 1.119 2021 
3 1.5 1.088 1.087 1014 
1 1.5 1.044 1.041 1011 (2) 
2 4.5 .947 .948 2023 
(doublet, not { 2 aI { .913 { 1015 
resolved) \2 6.0 910 910 1134 
aa 1.5 a 874 2130 
3 9.0 .859 .861 2131 
4.5 care .845 1012 (2) 
1.0 .828 0001 (6) 
1 { 3.0 827 { 825 2132 
1.5 at .778 1016 
9.0 773 2133 
2 { 3.0 418 { 771 1070 (3) 
1 4.5 .756 754 2025 
6 .737 .736 3032 
3 3 717 715 2134 
4 6 .703 | .703 1126 
Nic can nkaw accede bieesinabeinee nas gehbhekieuswanaes Hexagonal Close-packed 
i ed ed a eet as tae oi BN N ne fe wt eT SE an 1.860 
Side of elementary triangular prism................. 6000 e ee eee eee 2.670 A. 
lait lis cian itiaaal { RS ii co.w.u «de ewceweabelis 2.670 A. 
in pyramid planes.................... 2.920 A. 


Densit SE SEE EET Te TCC TTT TEE CET TOE CUT ET Te Tee 7.04 
er Ti I... ccnsccvdssinceevecanwerecunasw ses 7.142 
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where m, n, and p have all possible integral values, c is the axial ratio 
1.860, and the unit is the side of the elementary triangular prism, 2.670 A. 

The lattice is shown in Fig. 3. It ts one of the two closest packed arrange- 
ments of prolate spheroids whose axes are in the ratio 1.140 : I. 

Each atom has six nearest neighbors in regular hexagonal arrangement 
about it (in the basal plane), at distances of 2.670 A. (between centers), 
and six others almost as near, viz., 2.92 A., three in the plane below, and 
three in exactly similar positions in the plane above. 

The density is 
= mass of I atom 
~ volume of triangular prism 





p 


_ 65.37 X 1.650 _ 
tv X (2.670)* X 1.860 





7.04. 


CADMIUM. 


The interpretation of the data obtained from powder photographs of 
cadmium, with the help of graphs of planar spacings against axial ratio, 
has been described in the preceding paper by A. W. Hull and W. P. 
Davey. The lattice is found to be hexagonal, of the close-packed type, 
with axial ratio 1.89, instead of the value 1.335 found in the literature. 

A new and slightly better photograph gave the data in Table XIII. 

The lattice is exactly like that of zinc, except for axial ratio, viz., a 
close-packed arrangement of prolate spheroids whose axes are in the ratio 
1.158: 1. The cartesian codrdinates of the positions of the atoms are: 


m, n, pe, 
m + 3, n + 2, (p + $)e, 


where m, n, and p represent all possible integral numbers, c is the axial 
ratio, 1.890, and the unit is the side of the elementary triangular prism, 
2.960. The lattice is therefore a combination of two simple lattices of 
right triangular prisms, each of side 2.960 A. and height 1.89 X 2.960 
= 5.60 A., with the atoms of one lattice at the centers of the prisms of 
the other, and vice versa. Each atom is surrounded by six others, in 
the basal plane, in a regular hexagon about it, at distances of 2.960 A., 
and by six others, almost as near, viz., 3.28 A., three in the plane below 
and three in exactly similar arrangement in the plane above. 


mass of one atom 
volume of triangular prism 





The density = 8.74. 
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TABLE XIII. 


Cadmium. 


Filings from pure cast cadmium. A good photograph. 


























Number of Spacing of Planes. | 
Intensity of Line. | Codperating Planes ——___— —_ —_—_———————_|_ Indices of Form. 
X Phase Factor. | Observed. Calculated. 
10 1 | 2.790 2.798 | 0001 (2) 
5 75 | 2.565 2.564 | 1070 
30 4.5 2.325 2.329 1011 
6 | 1.893 1.892 1012 
5 | 4.5 1.508 1.510 | 1073 
4 3.0 1.476 1.480 | 1120 
3 1.0 1.397 1.399 0001 (4) 
5 6.0 1.306 1.311 1122 
cat 75 1.287 1.283 1010 (2) 
3 4.5 1.250 1.250 2021 
3 eS 1.224 1.230 1014 
1 LS | 1.166 1.165 | 1011 (2) 
1 4.5 1.055 | 1.057 2023 
1 4.5 | 1.024 1.027 1015 
1 6.0 | 1.014 1.017 1124 
— 1.5 ie .969 2130 
2 9.0 .953 .955 2131 
1.5 | bea | 946 1012 (2) 
ve 1.0 ey .933 0001 (6) 
} 3.0 914 915 2132 
ce iS pedts .878 1016 
1.3 7.0 .860 .860 2133 
me 3.0 ashe .855 1070 (3) 
3 4.5 .843 .844 2025 
} 6.0 817 .818 3032 
3.0 saad .790 2134 
- 6.0 wer .787 1126 
3 4.5 .762 .765 1017 
| dts .756 1013 (2) 
” | 3.0 | = .740 1120 (2) 
1 9.0 .732 .732 2135 
} | 6.0 | .716 715 1121 (2) 
eat 1.5 | ai .710 3140 
} 9.0 .706 .705 3191 
IIS 205 to dich aie coe Sa aa ee ee 5 Ga eew er ease a oeeae Hexagonal Close- packed. 
a SNS ate nah Bel a Oe Niue (Dhiar chee doe Side iad ails iia ee ee a 1.89 
ne er Sy CEE I wg oo kas bs eis doves cesetas eo uun 2.960 A. 
: Sosa 5 la alma 
Distance between nearest atoms 4 . ° 
eee eee 


—_— NS ral na pace Sos PAT ee ae eae Ee eR amar 8.74 
ied Se I SING 5.0 ecewes cue Side wanweledwecmemhens senee 8.642 
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RUTHENIUM. 


There is no crystallographic data regarding ruthenium. The pro- 
cedure was therefore as follows: A powder photograph was taken in the 
usual manner, the lines measured and the experimental crystal spacings 
calculated. These spacings were then laid off on a strip of paper, as 
described in the preceding article, and this strip moved over the different 
plots until a position was found on one of them where the experimental 
lines exactly matched the theoretical lines of the plot. 






































TABLE XIV. 
Ruthenium. 
No. of Codperating Spacing of Planes. 
Intensity of Line. | Planes Phase |————__—__—— — — | Indices of Form. 
Factor. Observed. § _—_ Calculated. 
3 0.75 2.315 2.325 1010 
4 1.0 2.160 | 2.134 0001 (2) 
10 4.5 2.040 | 2.040 10711 
2 LS 1.572 1.575 1012 
5 3.0 1.343 1.343 1120 
5 4.5 1.212 1.214 1013 
ats 0.75 seine | 1.163 1070 (2) 
5 6.0 1.139 1.136 1122 
4 4.5 Rigs 1.122 2021 
rae 1.0 oats 1.067 0001 (4) 
4 | 1.024 | 1.020 1011 (2) 
1 3 .968 .971 1014 
2 4.5 .902 | 901 2023 * 
a 1.5 was .879 2130 
3 9.0 .864 .861 2131 
2 6.0 .838 .836 1124 
, 3.0 .816 .813 2132 
3 4.5 .803 .802 1015 
ki 1.5 — .788 1012 (2) 
3 3.0 179 .176 1010 (3) 
1 9.0 -750 .748 2133 
1 6.0 .730 728 3032 
ES ee ae a ae eee ee ee ee Hexagonal Close-packed, 
a a a ort Pe ig ah angie whew a a aun Ria baw Sd 4 Ske Sane ww WR WN 1.59 
Side of elementary triangular prism. .................00 ccc cceceuucees 2.686 A. 
ey atoms { I ica as 6 acca bccn 0a A 2.686 A. 
Terror ee 2.640 A. 
‘ IN Sg 9 oa rhe tae ne ete ae Stark ts dd ou lava ace wit 12.56 
ay {~ I oo. eia ote 3k ok Soe CEN ahs ha WAS CS eee 12.26 


The experimental values were found to agree exactly with an hexagonal close 
packed type of lattice, of axial ratio 1.59.—The indices of the crystal forms 
corresponding to each of the experimental spacings can be read off on the 
plot (cf. Fig. 3, p. 556, this number) and any one of them, e.g., the 1120 
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spacing, can be used to calculate the side of the elementary triangular prism. 
The density is then calculated as the ratio of the mass in the unit triangular 
prism, viz., one atom, to its volume. The side of the unit prism is thus 
found to be 2.686 A., and the ideal density of ruthenium 12.56. 

This lattice is a close packed arrangement of oblate spheroids whose axes 
are in the ralio 0.973: 1. It is composed, like that of Zn and Cd, of two 
intermeshed lattices of right triangular prisms, each of side 2.686 A. and 
height 1.59 X 2.686 = 4.272 A., the atoms of the first lattice being in 
the centers of the prisms of the second and vice versa. 

Each atom has as nearest neighbor the six atoms of the unit prism of 
which it is the center, at distances of 2.640 A., and six others almost as 
near, in a regular hexagon about it (in the basal plane) at distances of 
2.686 A. 


INDIUM. 


The interpretation of the X-ray diffraction pattern of indium powder, 
with the help of graphs of axial ratio against crystal spacings, has been 
described in the foregoing article, and need only be summarized here. 

Indium was found to consist of a face-centered tetragonal lattice of 
atoms, with axial ratio 1.06. 


TABLE XV. 


Indium. 





| 


——_——— Indices of Form. 





| Spacing of Planes. 
: : Number of Codper- eieauthe niece 
Intensity of Line. | ating Planes. 























| Observed. | Calculated. 
20 4 2.70 2.693 | 111 
} | 1 2.42 2.428 | 001 (2) 
5 2 2.29 2.292 100 (2) 
2 | 4 1.675 1.665 | 101 (2) 
4 | 2 1.617 1.620 110 (2) 
1 | 4 1.450 1.449 | 113 
2 7 8 1.392 1390 | 311 
° 4 1.348 1.347 | 111 (2) 
a 1 ina 1.215 001 (4) 
L 2 1.150 1.146 100 (4) 
1 8 1.080 1.082 | 133 
FIDO OE CANIS... 6 oo oie scsi sesinnciecesccccseeeacvesecsceseseeeeseeen Face-Centered Tetragonal. 
Fe ener eee ee ee ee ee er ree Perr 1.06 
TET ETTORE EERE Cer CCT Te 4.58 A. 
Piciaint of GleemeRGAry GECERAIOINL QUTIEE. «nonce cece ccescccccccccccsese 4.86 A. 
: ie PS este iNiw ck ieeae eee 3.24 A. 
Distance between nearest atoms < . as . 
a, er 3.33 A. 
: I Oe eee er ree ee Tr ere 7.42 
mead { er I CR isc kkk eee coieweecenkee dice oven ene 7.12 
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The coérdinates of the atoms are 
m, n, pe, 
m+}3,n-+ 34, pe, 
m+ 4, n, (bp + $)c, 
m, n+ 3, (b+ 3)c, 


where m, n, and p have all possible integral values, c is the axial ratio, 
1.06, and the unit of length is the side of the elementary face-centered 
square which is the base of the unit prism. The lattice obviously con- 
sists of four intermeshed lattices of right tetragonal prisms, each of side 
4.58 A. and height 4.86 A. It is shown in Fig. 4. 

Each atom has four nearest neighbors, viz., the four corner atoms of 
the oo1 face at whose center it is, at distances of 3.24 A., and eight others 
almost as near, four in the centers of the lateral faces of the cube above 
and four similarly below, at distances of 3.33 A. 

This lattice 1s a close packed arrangement for prolate spheroids with axes 
in the ratio 1.06:1. It is an alternative arrangement to the hexagonal 
type exemplified by Zn and Cd, corresponding to the cubic and hexagonal 
arrangements, respectively, of close-packed spheres. 


RESEARCH LABORATORY, 
GENERAL ELEctTrRIc Co., 
Schenectady, N. Y. 
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THE BALMER SERIES OF HYDROGEN, AND THE 
QUANTUM THEORY OF LINE SPECTRA. 


By RAYMOND T. BIRGE. 


SYNOPSIS. 
Balmer Series of Hydrogen.—(1) A rigid comparison of experimental with theoretical 
results is the main purpose of the paper. It is concluded that Merton’s measurements 
of the separation, half-width and relative intensity of the Ha and Hg doublets check 
with values derived from the recent Bohr-Kramers developments of the quantum 
theory, if a general field of 100 volts per cm. is assumed. After the fine structure has 
been analyzed and the “‘circle’’ line computed, determining the position of the 
components from the Sommerfeld theory and the relative intensities from the 
Bohr-Kramers theory, the frequencies of all lines are fitted into the Bohr relativity 
formula. (2) The Rydberg constant for H is then calculated to be 109,677.7 + 0.2. 
(3) A discussion of observations in mixtures of hydrogen and helium made by Merton 
and Nicholson at relatively high pressures concludes the paper. 
Rydberg spectral series constant for a nucleus of infinite mass is computed to be 109,- 
736,9 + 0.2. 
INTRODUCTION. 
HE purpose of this paper is to make as accurate a comparison as 
possible between the best experimental results for the Balmer 
series of hydrogen, and the theoretical results to be expected according 
to the latest developments of the quantum theory of line spectra. The 
experimental data are as follows: 

1. Grating measurements by Paschen' of H,, Hg, H,, and Hs, (all 
unresolved) giving 6562.797, 4861.326, 4340.465, and 4101.735 I.A. 
respectively. The experimental error is estimated at +0.004 A. in 
each case. 

2. Grating measurements by Paschen! of H, (resolved) giving 6562.853 
and 6562.732 I.A. for the components. 

3. Interferometer measurements by Meissner! of H,, giving a doublet, 
6562.849 and 6562.725 I.A., of intensity 7 and 5 respectively, and of 
Hg (unresolved) giving 4861.329 I.A. 

4. Grating measurements by Curtis? of the first six lines of the series 
(all unresolved) giving 6562.793, 4861.326, 4340.467, 4101.738, 3970.075, 
and 3889.051 I.A. respectively. The probable errors range from 0.0017 A. 
to 0.0006 A. (see Table II., column 3). The correct reduction to vacuum 


1 Ann. d. Phys. (4), 50, 901, 1916. 
2? Proc. Roy. Soc., A, 90, 605, 1914. 
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and a discussion of various possible series formulae was given by Curtis! 
in 1919. 

5. Astudy by Merton’ of the fine structure of H, and H4, under various 
experimental conditions. These results supplement and in part correct 
previous results by Merton and Nicholson.’ The later results are 
to the effect that the most distinct doubling of both H, and Hg is 
observed at liquid air temperature, in a mixture of helium and hydrogen 
at a few millimeters pressure. Under these conditions H, is a doublet 
of 0.1446 A. separation, the components having a half-width of 0.028 A. 
and an intensity ratio of 2.18 to 1 (the red component being the stronger). 
H, is a doublet of 0.093 A. separation, and 0.045 A. half-width of com- 
ponents. The intensity ratio was not measured. Further details of 
this work are given later in the present paper. 

6. Data by Merton and Nicholson‘ and by Wood! as to the appearance 
of higher members of the Balmer series in mixtures of hydrogen and 
helium, at relatively high pressures, and in long vacuum tubes respec- 
tively. 

There are also data on the Stark effect for the Balmer series, but this 
subject will not be discussed, since the agreement between theory and 
experiment, in the case of strong electric fields, has already been shown by 
Kramers® to be perfect. The results for weak fields will however be 
treated, in connection with the fine structure of the lines. 

The quantum theory of line spectra, as applied to the Balmer series, 
may be summarized as follows: . 

In 1914-1915 Bohr’ applied Rutherford’s nuclear theory of the atom 
and general quantum theory to the case particularly of a single electron 
of charge e and mass m revolving about a nucleus of charge Ne and mass 
M. On the hypothesis of circular orbits, and the atomicity of angular 
momentum, the Balmer formula 


I I 
y=n=™M(Sa-sh) (1) 


was theoretically deduced. In this expression the angular momentum 
in the initial state of the electron is given by n’h/2z, in the final state 
by n”h/2x. For the Balmer series n’’ = 2, n’ = 3, 4,5 etc. NW =1 for 
all Hydrogen series and N = 2 for Helium enhanced series. Ny» is the 


1 Proc. Roy. Soc., A, 96, 147, 1919. 
? Proc. Roy. Soc., A, 97, 307, 1920. 
3 Phil. Trans., A, 217, 237, 1917. 
‘Proc. Roy. Soc., A, 96, 112, 1919. 
5 Proc. Roy. Soc., A, 97, 455, 1920. 
6 D. Kgl. Danske Vid. Selsk. Skr. natur og math. Afd., 8, R. III., 3, 1919. 
7 Phil. Mag., 26, 1, 476, and 857, 1913; 27, 507, 1914; 29, 332, 1915; 30, 394, 1915. 
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so-called Rydberg constant, and is not a constant, depending for its value 
on the mass of the nucleus. For Hydrogen it is designated N, and is 
given theoretically by NV, X M,/(M, + m), where N,, is the constant fora 
nucleus of infinite mass and given by 2z°e‘m/ch', in terms of frequency 
number. The spectroscopically observed value of N,, and the theoretical 
value deduced from this expression check within the limits of experimental 
error.! Because however of the relatively large errors in ‘‘h’’ and “‘e,”’ 
and the small error in N,, (regardless of the particular formula used for 
the Balmer series), NV, must be considered as an undetermined constant, 
in testing various series formule. 

In 1915 Bohr* applied relativity mechanics to his atomic model, and 
thus obtained, in place of (1), the more complex expression 


I I 
v=ny+n= nt 14NeatN'( a - Za), (2) 


where a = 27e*/hc. Equation (2) is frequently written 


I I aN? / 1 I 
denial Coe] beara Cant) 


Equation (2) or (2’) indicates a shift of all wave-lengths to the violet as 
compared with the values given by equation (1). For the Balmer series 
this shift varies from 0.039 A. for H, to 0.010 A. for the head of the series. 
Since the frequencies given by (2) correspond to an electron falling from 
one circle to another circle, the corresponding spectral lines will be called 
“circle lines.” 

In 1915-1916 Sommerfeld® extended the Bohr theory to the case of 
elliptic orbits. Fora “‘hydrogen-like”’ atom, i.e., a single electron revolv- 
ing about a nucleus, there is both angular and radial momentum. The 
angular momentum is constant and is given by mh/2x. The radial 
momentum has an average value of 1,h/27. The total momentum is 
given by nh/2x where n = m; + me, and as before n’ will be used to desig- 
nate the initial state and m’’ the final. The emitted frequency is then 
given by 

vy = + v2 + 3, (3) 


I ny" I n,' 
oe ween'| (5) - (2) |. (4) 


Equation (3) indicates the so-called ‘‘fine-structure” of spectral lines. 
Each line given by the Bohr theory (7.e., each circle line) is split up into 


where 


1 Birge, Puys. REv., 14, 363, 1919. 
2 Phil. Mag., 29, 332, 1915. 
3 Main article, Ann. d. Phys., 51, 1-125, 1916. 
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a number of components, obtained by combining the various possible 
states n,’’ + n.’’ = n”’ = constant, with the possible states m;’ + n,’ = n 
= anotherconstant. This is now known as the “combination-principle.” 
Formule (2) and (3) are both approximate, terms in (aN)*‘ and higher 
powers having been neglected in comparison with (aN)*. It is only in 
the case of X-ray spectra that these higher powers need be considered. 
(See Sommerfeld, loc. cit., p. 55.) 

In discussing the relative intensity which the various fine structure 
components of a line might be expected to possess, Sommerfeld made 
certain arbitrary assumptions, as his theory gave no theoretical basis 
for the matter. Paschen (loc. cit.) tested these assumptions, using the 
‘‘4686”’ helium enhanced series, in which the “fine structure”’ is sixteen 
times as broad as in the corresponding hydrogen series, due to the N4 
term in (4). Paschen concluded that the fine structure components 
agreed in position with Sommerfeld’s theory, but agreed only partially 
in intensity, especially in the case of the spark discharge. Paschen found 
a striking difference in appearance between the spark and the constant 
current discharge, a difference not predicted by the theory. 

A notable advance in the quantum theory of line spectra was made in 
1918 by Bohr,' who worked out a logical basis for the intensity and 
state of polarization of the various fine structure lines. This theory he 
applied also to the Stark and to the Zeeman effect. Kramers (loc. cit.), 
working under Bohr, made a detailed application of Bohr’s ideas to the 
Stark effect, in hydrogen and in helium, and to the fine structure of the 
lines, in these two gases. The agreement between theory and experiment, 
in the case of the Stark effect, is very remarkable. The position of the 
Stark effect components had already been predicted by Epstein? and 
Schwarzschild. The advance made by Bohr and Kramers consisted 
in the correct prediction of the intensity and state of polarization of 
each component. 

Kramers’ work on the fine structure of the lines indicated that the 
intensity of the various components varied enormously with the strength 
of the electric field, especially in the case of the hydrogen series. Electric 
fields such as are found in the ordinary vacuum tube are evidently pri- 
marily responsible for the appearance of the lines, and especially for the 
change of appearance with varying physical conditions, as observed by 
Merton. The chief purpose of the present paper is to apply Kramers’ 
theoretical results to the Balmer series, since Kramers himself made no 
detailed comparison except in one case to be mentioned presently. 

1D. Kgl. Danske Vid. Selsk. Skr. natur og math. Afd., 8, R. IV., 1 and 2, 1918. 


2? Ann. d. Phys., 50, 489, 1916; 51, 168, 1916. 
3 Ber. Akad. Berlin, p. 548, 1916. 
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The articles by Sommerfeld, (1916) Bohr (1918), and Kramers (1919), 
are all very long and involved, especially the Kramers article. Con- 
sequently it is not possible to give a logical summary of the assumptions 
and conclusions, without making the present, paper unduly long. Such 
material as is needed will be used without explanation, except by reference 
to the page number of the original article. 


THE FINE STRUCTURE OF THE BALMER SERIES, 
ACCORDING TO SOMMERFELD. 


As shown by equation (4), each spectral line consists of a number of 
components. In this equation a? = 5.308 X 107° (using 6.555 X 107”? 
for ‘‘h’’). Sommerfeld (p. 68) used 5.30 X 1075 for a®. The equation, 
as applied to the Balmer series, may therefore be written (in terms of 
frequency-number) 


1 {n," 1 {(n,’ 
1 = saee[ (2) —4(%)]. r 


where 7," + n.’’ = n"’ = 2, and n,;’ + n,’ = n’ = 3, 4, 5, etc., and v3 
gives the distance of the various components from the circle line. Any 
spectral line may be indicated by (m;'ne’,n,'’nq’’). The H, circle line is 
therefore (03, 02), the Hg circle line (04, 02). The separation (m,’n2’, 
I1) — (m,'n2’, 02) is known as the fundamental hydrogen separation. 
It is given by 5.822/24 = 0.3639, or 0.3640 approximately. For this 
very important constant Paschen (p. 910) derived the experimental 
value of 0.3645 + 0.0045, and used this value in all his calculations. 
The author has, however, used the theoretical value 0.3640. The 
H, line thus consists of two sets of identical triplets (see Table I., and 
Fig. 1 a), separated by 0.3640v (= 0.1568 A.). The Hg line consists of 
two identical quadruplets, separated by 0.3640v (=0.0858 A.), etc. 
The Balmer series therefore consists of a doublet of constant Ay, the 
components of each member being themselves complex, but (as shown by 
equation 4) the total width of each component growing rapidly narrower, 
as n’ increases. 

A convenient method (used by Paschen) for labeling the various fine 
structure components is indicated in Table I., where the components of 
H,, beginning at the red, are given in order, with the successive separa- 
tions, in terms of Angstroms. (See also Fig. 1 a.) 

States in which m_.=0 are excluded, for this indicates no angular momen- 
tum, and the electron would therefore collide with the nucleus. The 
number of possible states is therefore only n’ X n’’. Sommerfeld’s first 
assumption as to intensity is that it is proportional to (m2’/n’)(m9’’/n’’), 
thus giving the maximum intensity (unity) to the circle line I,. The 
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TABLE I. 
z | 2 3 4 | 5 

N » | , | ” ” | Se tion i A Intensity Intensity 

— add Ge Seal Die paration mA. | Paschen 1. Paschen 2. 
a 124 0 2 2/6 small 
ER zz 2 | 0 2 0.0464 4/6 4/6 
ies 0 3 | Oo 2 0.0155 6/6 6/6 
SR 2 1 1 1 0.0949 1/6 ) 1/6 
” eee | 4 2 1 1 0.0464 2/6 2/6 
a 1'ols3i.1 1 0.0155 3/6 | — zero 











intensities for the H, components are given in the 4th column of Table I. 
Sommerfeld then makes the second assumption that, in an electron 
transition, the radial momentum never increases. This excludes the 
II, line of each member of the Balmer series. He also makes the third 
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(a) 
Fig. 1. 








(a) Hg fine structure,—location only. 

(6) Intensity relations according to Sommerfeld’s theory. 

(c) Intensity relations, with no electric field, according to Bohr-Kramers’ theory. 

(d) Intensity relations, with a field of 100 volts/cm., according to Bohr-Kramers’ theory. 
The crosses represent the centers of gravity of the two components of Ha. 


assumption that an increase of angular momentum rarely if ever occurs. 
This indicates a very small intensity for the least refrangible member of 
each Balmer series line. The results, applied to H,, are given numerically 
in Table I., column 5, and graphically in Fig. 1 6. They indicate a 
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doublet (each component of which is itself double), having a separation 
of 0.132 A., and an intensity ratio of 3.3 to 1. Paschen, however, found 
that in the ‘‘ 4686” line the component III,, corresponding to an increase _ 
of two units of radial momentum, appeared in the spark discharge with 
relatively great intensity. II,, corresponding to an increase of one unit, 
was also very strong. Neither appeared in the constant current dis- 
charge. On the other hand, lines corresponding to an increase of angular 
momentum appeared faintly in both types of discharge. In fact, Som- 
merfeld made his third intensity assumption to agree with this observed 
fact. 
SPECTRAL FORMUL FOR THE BALMER SERIES. 


In measuring the wave-lengths of the Balmer series, as has been done 
by Curtis and others, what is actually observed is the apparent center 
of gravity of the complex line.!. In order to interpret the results it is 
necessary to make assumptions in regard to the intensity, as well as the 
position, of the fine structure components. With such assumptions 
made, it is possible to compute, from the observed center of gravity of 
the line, the true wave-length of the circle component I,. It is to this 
component alone that formula (2) or (2’) applies. This is the procedure 
followed by Paschen (loc. cit.). Curtis however, in his 1919 article, 
applied (2’) directly to the original measurements. He also took a? as 
an undetermined constant, obtaining by a Least Squares solution a 
value of 15.48 X 1075, as compared to the theoretical value 5.308 X 1075. 
The author has found that an almost equally good agreement between 
the observed and computed wave-lengths can be obtained by using the 
theoretical value of a?. There is however a definite divergence between 
theory and experiment which appears more clearly by handling the data 
in a different way, as indicated below. 

Curtis uses other two constant and even three constant formule. 
Since the deviations from equation (1) are very small, it is to be expected 
that the addition of one or two additional constants, in almost any func- 
tional form, will result in a fairly good agreement, such as Curtis found. 
But formula (2), as applied to the Sommerfeld theory, has only one 
undetermined constant (No). Even this would be a determined con- 
stant, if we had accurate enough values of “hk” and “e.”’ a? is also a 
function of ‘these quantities, but considerable changes in the assumed 
value of a? make but slight alterations in the computed frequency. 
Equation (2) is then practically a one constant formula. 

The deviations of the observed lines from equation (1) are best exhibited 


1 Curtis says that he intended to set on the actual center of the line. The matter is dis- 
cussed in a later section of this paper. 
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by computing a value of Ny (= N,) from each observed wave-length. 
The results,' taken directly from Curtis’ 1919 paper appear in Table II., 


























TABLE IT. 

I, | 2, | i a a 5» 6, 7, 8, 

n’. d (Air). Error. Ne (2). AN (1). _ Aa @). AN (2), | AA (2). 
“a 6562.793 | 0.0017 | 109,679.155 | +0.402 | —0.0251 +0.278 | —0.0166 
ae 4861.326 | 0.0010 78.896 | +0.143 | —0.0063 +0.057 —0.0025 
5.....| 4340.467 | 0.0006 78.776 | +0.023 | —0.0009 | +0.003 —0.0001 
nace 4101.738 | 0.0013 78.748 | —0.005 | +0.0002 —0.009 | +0.0003 
: ee | 3970.075 | 0.0016 78.738 | —0.015 | +0.0005 —0.007 | +0.0003 
exces 3889.051 | 0.0011 78.750 | —0.003 | +0.0001 +0.013 | —0.0005 











column 4. As this column shows, the values of N, become sensibly 
constant, beginning with nm’ = 5 (H,). Accordingly the average value 
of N,, using the last four values only, has been computed, and then the 
deviations from this average value (which is 109, 678.753). The results, 
in terms of frequency, are given in column 5, and in terms of Angstroms, 
in column 6. 

In a similar manner, formula (2’) has been applied to the Curtis data, 
using the theoretical value of a®. (This is the author’s own work.) 
Again it appears that NV, is sensibly constant after the first two wave- 
lengths. Its average value, from the last four, is 109,678.351. In column 
7 are given the deviations from this average, in frequency units, and in 
column 8, the deviations in Angstroms. A comparison of columns 8 
and 6 indicates a reduction of error to 66 per cent. for H,, 40 per cent. 
for Hg, 10 per cent. for H,, and no sensible change for the others. The 
discrepancy for H, is still however ten times the experimental error. 
It is thus quite clear that the application of relativity mechanics to the 
Balmer formula results in a definite reduction of the discrepancy between 
observed and computed values, but does not in any way obliterate the 
discrepancy. The explanation must therefore be sought in the fine 
structure of the lines. 

To make a rigid test between theory and experiment, it is necessary 
to make definite assumptions as to the position and intensity of every 
fine structure component. It is then possible to treat each Balmer 
series line as a doublet, each member of which is complex. Knowing 
the structure of the red component of the doublet, it is possible to compute 
the frequency of the circle line I, (always the most refrangible member of 

1In the reduction to vacuum, Curtis uses the new figures of the Bureau of Standards. 
These will be used exclusively in the present article. Paschen uses older data, which are not 


so accurate, and therefore his vacuum values are not quite correct. 
Table II., column 3, gives Curtis’ estimate of the probable error of each line, in Angstroms. 
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the red component) if the position of the center of gravity of the red 
component is.known. This center of gravity, in turn, can be computed 
from the observed center of gravity of the entire line, knowing the 
separation of the centers of gravity of the two components of the doublet, 
and their intensity ratio. But these latter data depend on the exact 
assumptions made as to the intensity of the fine structure lines. 

Paschen applied this general process to the analysis of his own measure- 
ments, using ostensibly the Sommerfeld theory as to the position and 
intensity of the fine structure components. He however made a number 
of simplifying assumptions, as well as one inadvertent error. The 
strict application of the Sommerfeld theory (using all three assumptions 
as to intensity) gives for the intensity ratio of the doublets, 3.3 to 1 (H,), 
3 to 1 (Hg), 2.8 to 1 (H,), 2.67 to 1 (Hs), 2.57 to 1 (H,), etc., the limiting 
value being 2 to 1. The corresponding doublet separations are, 0.3130v 

= 0.1320 A), 0.3489” (= 0.0822 A), 0.3587” (= 0.0676 A.), 0.3639” 
(= 0.0613 A.), 0.3640v (= 0.0574 A.), respectively. Paschen however 
used a constant intensity ratio of 2 to 1 for all lines, and a constant 
doublet separation of 0.3645». The distance of the circle line from the 
center of gravity of the red component is also variable, and has been 
used as such by the author. Paschen assumed the distance always equal 
to 1/4(1. — I,). This is incorrect even for the H, line, and is due to 
Paschen’s accidental assumption of an intensity ratio of 3 to 1 for I,/I,, 
instead of the correct 3 to2 ratio. The error thus introduced is 0.0023 A. 
for H,. For the other lines it is practically negligible. The correct H, 
structure, on the Sommerfeld theory, is shown in Fig. 1 b. 

As has already been noted, Sommerfeld’s assumptions as to intensity 
do not agree with experimental results, in the case of the helium lines. 
The discrepancies have now been explained by Kramers, who shows that 
the relative intensity of all fine structure components depends upon the 
exact strength of the electric field in the vacuum tube. This matter will 
presently be treated in detail. Another serious conflict between the 
Sommerfeld theory and observed facts is in the matter of the half-breadth 
of the red and violet components. Merton observed 0.028 A. for H,, 
and 0.045 A. for Hg. A careful computation of the Doppler effect gave 
0.023 A. and 0.017 A. for these widths. But on the Sommerfeld theory, 
the red component of H, should be about 0.015 A. wide, and the violet 
component 0.046 A. wide, regardless of any Doppler effect. Conversely, 
for Hg, the Sommerfeld theory gives a width of only 0.005 to 0.014 A., 
much less than the observed, with the full Doppler effect counted in. 

Using all available data and the new figures for reduction to vacuum, 
the author has computed the position of the circle line, from the observed 
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center of gravity of the entire line. This has been done according to 
the strict Sommerfeld theory, and also on the assumption of a constant 
2 to I intensity ratio for the doublet. In view however of the discrepancy 
of this theory with observations, in the case of H, and H,g, it does not 
seem advisable to present the results in detail. The values of N,, ob- 
tained from the various lines are as consistent as those of Paschen.! 
Using a 2 to I intensity ratio, but the theoretical value of the doublet 
separation, an average value for N,, of 109,677.826 is obtained. Using 
the theoretical intensity ratios given previously, the value is 109,677.944. 
The Curtis and Paschen wave-lengths, treated separately, yield the 
same average by the first method, but slightly different averages by 
the second. Neither of these averages includes H,, since this line requires 
individual treatment. It will be noted that the values of V,, are somewhat 
higher than that of Paschen.? 


THE BoHR-KRAMERS THEORY OF INTENSITY. 


Bohr’s new ‘‘Selective’’ principle (Auswahlprinzip) for obtaining at 
least a rough estimate of the intensity of the fine structure components 
is based on the idea that the actual orbit of the electron, in the initial 
and in the final state, can be considered as the sum of a number of har- 
monic vibrations. The intensity of an emitted line of any given fre- 
quency is then connected with the amplitudes of the harmonic vibrations 
of corresponding frequency in the initial and in the final state of the 
electron. The type of harmonic vibration (linear, circular, or elliptic) 
indicates the polarization (linear, circular, or elliptic) of the emitted line. 

As applied by Kramers to the case of a strong electric field, the principle 
yields results in remarkable agreement with experiment. The intensity, 
as well as the state of polarization, of every component of the Stark 
effect, in the hydrogen and helium (enhanced) series is theoretically 
accounted for. The same principle, applied to the fine structure of 

1P, 935, loc. cit. Paschen obtained a weighted mean of 109,677.691, and gives the prob- 
able error as +0.06, although the probable error, by the ordinary Least Squares formula is 
only +0.0145. The author, in all computations in this paper, has used only an unweighted 
average. ' 

2 All the computations of the present article had been completed, and the article partly 
written, when there appeared a brief paper by Herbert Bell (Phil. Mag., 40, 489, 1920) on 
the ‘‘Helium-Hydrogen Series Constants.’’ The only point at which this paper overlaps 
the present work is in regard to the results just given. Bell uses both Paschen and Curtis 
wave-lengths, and the new reduction to vacuum. He however follows exactly the method of 
Paschen, assuming a 2 to 1 intensity ratio, and a constant doublet separation of 0.3650. 
Like Paschen, he uses the erroneous intensity ratio 3 to 1, for Ig/Ip. Bell also makes a com- 
putation with an assumed 3 to 1 intensity ratio for the doublet components. His results 


naturally differ slightly from those just presented due to the different method of making 
the fine structure corrections. 
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these series, with no electric field, indicates (Kramers, p. 355) that only 
those transitions are possible for which the angular momentum increases 
or decreases by h/2m, 1.€., M2’ — m2’ = +1. In the case of the Balmer 
series this indicates the presence of only three fine structure components 
for each member, contrasted to n’(n’’ — n’ +1) components on the 
Sommerfeld theory. They are I,, I, and II, for H,, Is, Igand II, for Hg, 
I., 1. and II for H,, etc. 

The intensity of each component is given by an expression (Kramers 
p. 356) involving Bessel functions. The results for H,, on an arbitrary 
scale, are 5.00 for I,, 1.36 for II,, 0.04 for I.. The true intensity of I, 
is then taken as about one half of 5.00, because I, is a circle line, and in 
the case of the Stark effect it was found that the theory gave too high 
values for the intensity, in the case of circle lines (due presumably to 
the various approximations introduced in the application). This con- 
clusion was deduced by checking the results with the known fact that 
in the Stark effect, the polarized components into which an unpolarized 
spectral line is split will, when taken together, show no characteristic 
polarization in any direction. The results thus show that there may 
be errors up to possibly 100 per cent. in Kramers’ computed intensities, 
but these are relatively small compared to the discrepancies in Sommer- 
feld’s work, which were sometimes in excess of 1000 per cent. 

The Kramers results for H, are given in Fig. 1 c. They indicate a 
doublet separation of 0.1413 A., and an intensity ratio of about 2 to 1. 
For Hg the results give a doublet separation (I, — II-) of 0.0822 A., and 
an intensity ratio of about 1.25 to 1. The half-width of the Hg com- 
ponents, observed by Merton, is still less accounted for than on the 
Sommerfeld theory, although the H, separation and intensity ratio 
checks very closely with Merton’s experimental results. 

Kramers (p. 359-378) then considers the effect of a weak electric 
field on the fine structure lines. His previous formule for the Stark 
effect hold only for strong fields. <A rigid theory holding in all cases 
would be extremely complex, and has not yet been worked out. The 
results for a weak field indicate (as expected) that each fine structure 
component is broken up into a number of Stark effect components. 
Since the electric field is assumed very weak, the separation of these 
electric components may be neglected, and the intensity of any fine 
structure component may be judged by the sum of the intensities of all 
the Stark effect components composing it. 

The calculations then show the extremely important result that various 
fine structure components previously missing may now appear, some of 
them with considerable intensity. In fact (Kramers, p. 364), while 
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previously there appeared only those transitions for which the angular 
momentum changed by one unit, we may now have the additional transi- 
tions for which the angular momentum remains unchanged, or changes by 
two units. If the intensities of the new components are small, compared 
to the original components, the intensity of the old components will be 
practically uninfluenced by the perturbing electric field. These new 
components, in the case of the helium lines, explain with one questionable 
exception the experimental observations of Paschen (see Kramers, 
PP. 372-376). 

The equations for obtaining the intensity of the new components are 
given on page 367 of Kramers. They are very complex, and contain, 
it may be noted, several typographical errors. These errors may however 
be readily identified by comparing the expressions with those on pages 
318-320, from which they were derived. Kramers computes numerical 
results for H, and for Helium 4686 and 3203 only. The author has 
checked most of Kramers’ calculations. The only serious error found is 
in the case of the II, component of both H, and Helium 4686, for which 
Kramers computes practically zero intensity, while the correct results 
are 1.588 and 0.115 respectively.! These intensities are for an electric 
field of 300 volts percm. The intensity of the line varies as the square of 
the field intensity, and inversely as the fifth power of N. It also depends, 
in a more complex manner, on n’ and n”’, increasing very rapidly with 
increase in either or both. 

The author believes that the last two sentences furnish the clue to the 
interpretation of all of Merton’s results, in mixtures of hydrogen and 
helium.? Merton himself remarks (p. 310) “‘the only cause of broadening 
to be suspected would be . . . due to the influence of the electric field of 
neighboring charged particles on radiating atoms, operating in accordance 
with the Stark effect. It is true that this effect is greater for hydrogen 
than for other elements, but the effect in the case of helium is comparable 
in magnitude and the excellent agreement between the experimentally 
measured widths of helium lines and the widths calculated on the basis 

1 For Ha, R” is 1.141 and 0.447 for the two components of Ig, i.e., (03,11). For He 4686 
the R” of the five components of IIg, i.e., (04,12), is 0.025, 0.039, 0.0149, 0.0189, and 0.0173, 
respectively. The Kramers results for R’” are correct. The author's corrected intensity for 
II, of 4686 accounts better for Paschen’s observed line, in the spark discharge, at 4685.687. 

2? The Balmer series, with the fine structure predicted by theory, seems to appear only in 
mixtures of hydrogen and helium. No attempt is made in this paper to explain the various 
effects noted by Merton in pure hydrogen, and in hydrogen containing a trace of impurity. 
The cause of these effects is undoubtedly to be looked for in the irregular, local fields of force 
of the surrounding atoms, as contrasted to the general electric field discussed here. It is only 


the helium atom which has practically no electron ‘‘affinity,”’ and so no appreciable local 
field. 
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of the Doppler effect in the experiments of Buisson and Fabry would seem 
to leave little room for broadening of this type.’’ 

Using Kramers’ results, this conclusion is not justified. The author 
has found that by assuming a uniform field of 100 volts per cm., such as 
has experimentally been found to exist in the hydrogen positive column, 
under a few mm. pressure, the effect for helium and for hydrogen is very 
different, and is quite capable of explaining the experimental results. 
It is not possible to give with authority the exact quantitative figures. 
In the case of Hg such a field produces a Stark effect splitting which is 
comparable in magnitude with the fine structure separation. For this 
line one therefore is effectively dealing with a “‘strong”’ electric field, to 
which the simpler Epstein-Schwarzschild formula applies. Moreover, 
the computed intensity of some of the new fine structure components is 
many times as great as the intensity of the strongest of the original 
components, whereas the formulz used are intended only for the case 
where these new components are comparatively weak. When they are 
strong the original components themselves will have changed in magnitude 
by an amount comparable with the intensity of the new components, but 
Kramers has derived no formula for this increase. The actual relations 
are therefore only very approximate. 

The results are as follows. For a field of 100 volts per cm., the total 
Stark effect width for He 4686 is 0.0085 A. But the strong components 
are all near the center (Kramers, Plate III.) so that the observed broaden- 
ing might appear much less. For He 3203, the breadth is 0.0092 A. 
This should be observed, since the strong components are on the outside. 
The regular fine structure components of 4686 are all at intervals of 
0.05 A. or more (Paschen, p. 916), and the observed breadths 0.03 A. 
or more. The electric fields in Paschen’s work may therefore be much 
stronger than 100 volts per cm. 

For H,, a field of 100 volts per cm. gives a total possible Stark effect 
width of 0.0224 A., but the outer components are much weaker than the 
central (Kramers, Plate I.) so that the effective half-width is probably 
less than half as great. Merton computes 0.023 A. for the Doppler 
effect and observes 0.028 for the half-width. This is in reasonable 
agreement with theory, especially as the broadening due to the electric 
field and that due to the Doppler effect may not be simply additive. 
The only fine structure components that are really effective are still 
I, and II, so there is no effective broadening due to the fine structure. 
The exact results are shown in Fig. 1 d, where, according to Kramers’ 
suggestion, the intensity of the new components is added to the neigh- 
boring old components. The figures then become (with corrections to 














602 RAYMOND T. BIRGE. Szconp 


Kramers’ computations previously noted) I, = 2.237, I, = 0.577, 
II, = 0.196, II, = 1.096. The intensity ratio for the doublet is (2.237 
+0.577)/(0.196 + 1.096) = 2.18 to I, or exactly equal to Merton’s 
observed value. The center of gravity of the red component is 0.0032 A. 
to the red of I., while that of the violet component is 0.0023 A. to the 
violet of II,. The separation of the doublet is 0.1468 A., compared to 
Merton’s observed value of 0.1446 A. 

For Hg with a field of 100 volts per cm., the total Stark effect width 
is 0.0304 A., and the strongest components are on the outside (Kramers, 
Plate I.) so that this value should represent the observed broadening. 
The Doppler effect is 0.017 A., and if this is simply additive, the total 
width is 0.0474 A., as compared to Merton’s observed value of 0.045 A. 
It is probable that 0.002 to 0.004 A. should be added for the fine structure, 
making a total expected half-width of as much as 0.051 A. Again 
however this assumes the Stark effect broadening and the Doppler 
effect broadening as simply additive. 

The fine structure broadening of 0.002 to 0.004 A. is the result of the 
author’s computations, Kramers having done no work on this line. 
The original components, with their relative intensities are I, (0.104), 
II, (0.085), and Ig (0.002). The mew components, due to an electric 
field of 100 volts per cm., with their intensities, are I, (11.85), II, (8.29), 
and I, (1.72). We have thus, as previously noted, new components 
much stronger than the old, with no means of accurately computing 
the intensity change in the old. Assuming it to be the same as in the 
new components, we have the red member of the doublet composed of 
two almost equally strong lines I, and I,, with a separation of 0.0018 A., 
together with the comparatively weak I, line, while the violet member is 
composed of two strong lines II, and II., separated 0.0036 A. The 
intensity ratio is roughly 11.85/8.29 = 1.43 to 1, while the separation! 
is about 0.0840, compared to Merton’s 0.093 A. (Merton himself thinks 
that this value may be too large.) Merton did not measure the intensity 
ratio for Hg but a mere visual inspection of the published photographs 
(p. 316) indicates that the ratio is much less for Hg than for H,. 

For H, the Stark effect broadening is 0.0435 A., with again the strong 
components on the outside. As the total doublet separation is only 
about 0.068 A., it is not to be expected that this line can be resolved, 
under any of the experimental conditions realized by Merton. Many 
of the changes of appearance observed by Merton, with varying chemical 
and electrical conditions, can thus doubtless be explained by changing 


1 This assumes the center of gravity of the violet component halfway between II, and II, 
and of the red component at I, (due to the influence of I.) 
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electric fields, interatomic if not general. That: the electric field is 
competent to explain all observed half-widths, for resolved helium and 
hydrogen lines, seems evident in the light of the above figures. 


THE VALUE OF THE RYDBERG CONSTANT J,. 


We are now ready to return to the original problem of testing equation 
(3). The test consists of computing a theoretical value for the circle 
line and substituting this in equation (2). The values for NV, (= Np of 
equation 2) should be constant, and may be compared to the values given 
in Table II. 

As previously mentioned, the Sommerfeld theory of intensities yields 
a constant N,, provided H, is excluded. The Bohr-Kramers theory is 
equally satisfactory. The results are given in Table III. 


























TABLE III. 
— ) “— ) 
a N.. Ra. ; # “i ). dl oy 
Hg Paschen....... | 7.815 —0.006 | +0.0003 7.665 | +0.048 
“ Meissner......| 7.747 —0.074 | +0.0033 7.597 | —0.020 
4) | 7.815 —0.006 | +0.0003 7.665 +0.048 
H, Paschen....... | 7.851 +0.030 | —0.0012 7.660  +0.043 
* Custis......... | 7.800 | 0.021 | +0.0008 7.609 —0.008 
Hs Paschen....... | 7.887 +0.066 | —0.0025 7.642 +0.025 
_ | 7.807 —0.014 | +0.0005 7.561 —0.056 
M, Cutis......... | 7.821 | +0 | +0. 7.571 —0.046 
Hy Curtis......... | 7.848 | +0.027 | —0.0010 7.587 —0.030 
Average.......... | 7.821 | 0.027 | 0.0011 7.617 0.036 








Column 2 gives the value of N,, (the integral part 109,677 being omitted) 
using a constant intensity ratio of 2 to 1 for the doublet, but the theoretical 
separation.! In order to obtain the circle line, the center of gravity of 
the red component, in the case of Hg, is assumed at I, as explained in 
the previous note, i.e., 0.0018 A to the red of the circle line I,. For H, 
the corresponding correction is about 0.0007 A. For the other lines it is 
negligible. 

On these assumptions, the average value of N, is 109,677.821, and the 
average residual, in frequency, is 0.027, as shown in column 3, or o.oo11 A, 
as shown in column 4. 

The same process has been repeated, using the true intensity ratio 
given by the Bohr-Kramers theory, i.e., 2.18 to 1 for H, and 1.43 to 

1 This separation is 0.0840 A. for Hg, and 0.0674 for Hy, with the electric field used. For 


the other lines the constant separation of 0.3640,» is used, as the error thus introduced is 
negligible. 
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1 for Hg. The results for the other lines have not been determined as 
the computations are very laborious; but it is evident that the ratio is 
rapidly declining, and will reach unity in the limit. I have accordingly 
assumed ratios as follows, 1.2 to 1 for H,, 1.1 to 1 for Hg, 1.05 to 1 for H,, 
and 1 to 1 for Hz. The results are given in column 5 of Table III. 
(where again the integral part 109,677 is omitted), and the frequency 
residuals in column 6.' 

The final problem is to determine how the experimental results for H, 
check with these values of NV,. To do this it seems simpler to use the 
average N,, already obtained to compute a theoretical value for the 
wave-length (in air) of the circle line of H,. Using 109,677.821 for N,, 
we obtain 6562.8413 A. Using 109,677.617, we obtain 6562.8535 A. 
As previously deduced, using the Bohr-Kramers theory and 100 volts 
per cm., the center of gravity of the red component should be 0.0032 A. 
to the red of the circle line. This gives for its theoretical position 6562.- 
8445 A. or 6562.8567 A. The average is 6562.8506. For the center of 
gravity of the red component Paschen observed 6562.853, while Meissner 
observed 6562.849. The average is 6562.851 which agrees exactly with 
the theoretical average. In other words, various theories as to the 
intensity of the electric field and the resulting intensity of the components 
of the lines lead to somewhat different expected results for the position of 
the red component of H,, but the observed results also vary, and the 
various experimental and theoretical results all lie in the same region, 
and have the same average. 

The second method of checking H, is from the observed position of 
the center of gravity of the entire line. This position is 6562.797, 
according to Paschen, and 6562.793, according to Curtis. If 6562.8445 
is the true position of the center of gravity of the red component, and if 
Merton’s experimental value of 0.1446 A. is assumed for the doublet 
separation (the theoretical value being about 0.1468 A.), then Paschen’s 


1 Curtis mentions that, in measuring the position of a line, he attempted to set on the actual 
center of the line, and not on its center of gravity. Paschen however says he attempted to 
set on the center of gravity. Bell calls attention to a slight systematic drift of Paschen’s 
wave-lengths, as compared to Curtis’. There is such a drift, but it is doubtless due to the 
different reference standards used, and not to the method of setting. Thus if Curtis really 
set on the center of the line, his readings should be corrected (to a first approximation) by 
assuming a 1 to 1 intensity ratio of doublet components, instead of that actually used. This 
change in method would shift the Hg circle line by 0.0092 A, from its predicted position on a 
1.43 to 1 intensity ratio, or by 0.0158 A., ona2tolratio. Yet the Curtis and Paschen meas- 
urements agree for this line, (to 0.001 A.), and differ by 0.004 A. or less for all the others. 
It thus does not seem possible that Curtis and Paschen used essentially different methods of 
setting. If it is assumed that Curtis set on the actual center of the line, then, using only his 
values of wave-length, the average Ny is 109,677.524 and its constancy is about the same as 
before. 
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observation requires an intensity ratio of 2.04 to 1, while Curtis’ requires 
1.81 to 1. If 6562.8567 is the true value of the center of gravity, then 
Paschen’s observation requires an intensity ratio of 1.42 to 1, while 
Curtis’ requires 1.27 to 1. Meissner observed 1.4 to 1 ratio, while 
Merton observed 2.2 to 1.1 With such discordant experimental results, 
it is hard to decide what ratio should be used, and it is evident that the 
value of the ratio depends greatly upon experimental conditions. A 
measurement of the center of gravity of the entire line is thus valueless, 
unless the intensity ratio, for the same conditions, is known. Moreover, 
the slightest change in the ratio makes a perceptible difference in the 
final comparison of theory and experiment. The only valid method at 
present available seems then that of using the directly observed center of 
gravity of the red component, and this, as shown, leads to a fairly satis- 
factory agreement of theory and experiment. 
The various values for N,, are summarized as follows, 


Sommerfeld theory, 2 to 1 ratio.................. 109,677.826 
Sommerfeld theory, theoretical ratio............. 109,677.944 
Bohr-Kramers theory, 2 to 1 ratio................ 109,677.821 
Bohr-Kramers theory, theoretical ratio............ 109,677.617 


These may be compared to previous results, 


Paschen (Sommerfeld theory)...............+20-- 109,677.691 
Curti irical £ le) 109,677.58 to 
urtis (empirical formulse).........cccecccccess 109,678.76 


The author recommends for NV, the value 109,677.7, which is probably 
correct to 0.2. 

The best value of e/m is 1.773 X 10’,? and this, combined with 4.774 X 
10~'° for e, and 96,470 for the Faraday, gives 1.6636 X 10~** grams for 
the mass of the hydrogen atom, and 1853 to I, as the ratio of its mass to 
that of the electron. We have therefore 


2°me* I 
Ne =- chs ~ 109677-7 ( i+ ani) = 109,736.9 + 0.2. 
This may be compared to Paschen’s determination (p. 936, loc. cit.) 
of 109, 737.18, using 1843.7 for the above ratio of M, to m. 

It has thus been shown that the quantum theory of line spectra, using 
the “Selective principle” of Bohr, leads, in the case of the Balmer series, 
to consistent values of N,, as well as to a satisfactory explanation of the 

1Qn the assumption that Curtis set on the center of each line, thus giving 109,677.525 
for Ny, we obtain 6562.8622 A. for the center of gravity of the red component. For this 
Curtis’ Ha value demands an intensity ratio of 1.09 to 1, as compared to a theoretical 1 to 1 


ratio on this assumption. We again have consistent results, but a slightly lower value of Nw. 
2 Birge, Puys. REv., 14, 361, 1919. 
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observed doublet separation, the observed intensity ratio of the compo- 
nents, and the observed half-width of the components. 


THE BALMER SERIES IN MIXTURES OF H AND He aT HIGH PRESSURES. 


An entirely different type of phenomena is that illustrated by the 
appearance of the Balmer series, down to n’ = 14, in mixtures of H and 
He at 41 mm. pressure. Merton and Nicholson consider this important 
evidence against the entire Bohr theory of the hydrogen atom, but in 
view of the many exact quantitative agreements of this theory, little 
doubt can remain as to its general validity. It is therefore necessary to 
“explain’”’ these observations. Assuming a constant temperature of 
15° C., and a constant separation of the atoms, it appears, as stated by 
Merton and Nicholson, that the diameter of the ring (2.08 K 10~* cm.) 
for n’ = 14, is twice the distance apart of the atoms (1.0 X 107* cm.) 

Qualitatively, all phenomena agree with the Bohr atom. Wood 
(loc. cit.) finds that, aside from the disturbing effects due to the secondary 
spectrum, the successive lines of the Balmer series appear as the pressure 
is lowered. Merton and Nicholson find that the higher members have 
relatively less intensity at high pressures. Wood finds that Ho has only 
1/600,000 the intensity of H,, in a long vacuum tube at 0.4 mm. pressure, 
while in the nebule the intensity decrement is much smaller. The 
Merton and Nicholson figures for the intensity decrement lead to 1/4,- 
000,000 for this ratio. 

It thus follows that, considering only those atoms which, at any instant, 
are radiating monochromatic energy, it is merely necessary that an ex- 
tremely small fraction of this number need to be several times as far 
from all neighboring atoms as the average distance. With a Maxwellian 
distribution of velocities and distances, this seems easily possible. The 
question as to what fraction of the total number of atoms is at any instant 
emitting monochromatic radiation does not enter here. Except in the 
case of the “‘first resonance”’ line, this fraction also is believed to be very 
small. Furthermore, it is well known that the helium atom has practically 
no effect, either attractive or repulsive, on near-by electrons. This 
explains simultaneously why the predicted fine structure of the Balmer 
series appears only in mixtures of H and He, why the 12th member of 
the series can appear at all in such mixtures at high pressure, and why 
the higher members are extraordinarily sharp in such mixtures. Merton 
and Nicholson themselves remark the absence of broadening of the 
higher members, indicating an absence of any interatomic electric field, 
in spite of the proximity of the helium atoms. 

There still remains the question of the temperature of the radiating 
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source. Because of the work of Buisson and Fabry! on the width of the 
helium lines, this temperature is now usually considered roughly that 
of the walls of the tube, and Merton uses this assumption, in his calcula- 
tion of the Doppler effect for H, and Hg. In view of the narrowing of 
these lines, at liquid-air temperature, it would appear that the assumption 
is certainly approximately correct for hydrogen, as well as for helium. 

It seems to the author, therefore, that the well-known neutral effect 
of helium on neighboring electrons, together with the Maxwellian distri- 
bution of velocities, separations, etc., is quite sufficient to account for 
the experimental results thus far obtained. The fact that a small trace 
of impurity such as oxygen (see Wood, loc. cit.) seems necessary to the 
best production of the Balmer series would indicate that a strong field of 
force (due to the oxygen atom) is present under these conditions in the 
immediate neighborhood of the emitting atom. Yet this produces only 
a slight blurring of the emitted line (7.e., frequency shifts of possibly one 
part in 50,000). All the more then can helium atoms be very close to 
the emitting center, without appreciably disturbing the emission. 


UNIVERSITY OF CALIFORNIA, 
December, 1920. 


1 Jour. de Phys., 2, Ser. 5, pp. 442-464, 1912. 
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AN EXPERIMENTAL STUDY OF THE REFLECTION OF 
X-RAYS FROM CALCITE. 


By BERGEN Davis AND W. M. STEMPEL. 


SYNOPSIS. 


Per cent., of monochromatic X-rays reflected from calcite, for wave length ranging from 
.3A. to 8A. was studied by means of a double X-ray spectrometer. A narrow beam of 
general radiation fell at an angle upon a crystal designated as A and the reflected beam 
was allowed to fall upon a second crystal designated B. The intensity of the beam 
from B was then compared, by means of the ionization produced in an ionization 
chamber with the direct beam from A. Per cent., reflection was found sur pisingly large 
when the surfaces of the two crystals were strictly parallel. The per cent., reflection 
will depend upon the character of the beam reflected and therefore upon crystal A. 

Significant energy distribution curves were found when the crystal B was rocked 
through a small angle on either side of parallelism. A very sensitive micrometer 
motion was provided for rotating crystal B about both a horizontal and also about a 
vertical axis, necessitated by the extremely narrow energy distribution curves 
obtained. 

Three pairs of crystals were investigated. Pair (A:—Bi) where A was a rather im- 
perfect specimen of Montana calcite and B; was a clear specimen of Iceland spar. 
The surface of both crystals were polished. Pair (Az — Bz). Here aclear specimen 
of Iceland spar was split. The two split surfaces were polished and the crystals 
mounted so that reflection was from the surfaces that had been contiguous before 
splitting. Pair (As — Bs) was another pair obtained by splitting a clear specimen 

' of Iceland spar, but leaving surfaces unpolished. Mounted same as (A2 — Bz). 

The rocking curves vary greatly in width, depending upon the nature of the reflecting 
surface; 16’ of arc for width of half maximum when crystal is a good sample and 
the surface is the natural split surface (not polished). When crystals are not perfect 
samples and surface polished as much as 57” of arc was obtained. For any one pair 
of crystals the width of the half maximum of these rocking curves is a linear function 
of the wave length with a definite finite intercept depending upon the condition of the 
surface. The more perfect the crystal the less does this width depend upon wave- 
length. 

Per cent., reflection is a function of wave length, but is less so the more perfect the 
crystal. Forthe pair (Az: — Bs), it was nearly independent of wave length. It would 
seem that the reflection from a really perfect crystal would be independent of wave- 
length and would probably be greater than fifty per cent. 


KNOWLEDGE of the proportion of the incident X-rays of any 
frequency that are reflected from the cleavage surface of a crystal 

is of great importance in determining the distribution of energy in the 
continuous X-ray spectrum and also the partition of energy among the 
many lines of the characteristic spectra. It is also of prime importance 
in the development of an adequate explanation of crystal reflection itself. 
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Measurements of the relative reflection of X-rays in the several orders 
have been made by Professor W. H. Bragg and W. L. Bragg, as well 
as the relative reflectivity of various crystals for the same radiation. 
The percentage reflection or the coefficient has also been measured by 
Professor Bragg, using a single crystal. Such determinations must 
contain an error due to the presence of the general radiation in addition 
to the line radiation in the original beam before reflection. A. H. 
Compton! has made a direct determination of the coefficient of reflection 
of rock salt and calcite for one particular wave-length. Compton allowed 
the radiation reflected from a crystal placed on one spectrometer 
to fall on a second crystal placed on another spectrometer suitably 
placed near the first. The apparatus was arranged so as to give an 
integral area of the curves as the crystals were rocked through a small 
angle. The small value of the reflection obtained by Compton would 






azz 77 prr 








Fig. 1. 


indicate that the two crystals were not placed with the crystal faces 
parallel, as we have done, but were placed nearly (180°-20) to this 
position so that only a small portion of the ray from first crystal could 
be reflected from the second crystal in any one position. (This point 
is not mentioned in his description of the experiment.) 

For the purpose of this study of crystal reflection a special double 
X-ray spectrometer was constructed. A plan of this instrument is 
shown in Fig.1. The arrangement of the parts is sufficiently shown in the 
figure as not to need a detailed description. The heterogeneous beam 
passing through the slits ZL,» falls on Crystal A. The position of this 

1 Proc. Am. Phys. Soc., Puys. REv., July, 1917. 
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crystal is read on the vernier scale S, in the usual manner. The pencil 
of rays reflected from A is nearly homogeneous, the range of wave- 
lengths (AA) included depending on the degree of divergence of the 
original beam. The beam reflected from A falls on crystal B and suffers 
a second reflection. The intensity of this reflected beam is measured 
by the ionization current in the ionization chamber I as shown. The 
crystal B is mounted on a movable plate P which can be thrown back 
as indicated by the dotted iines in the figure. The beam from crystal A 
can then pass directly into the ionization chamber placed in the position 
I’. The intensities of the two beams before and after reflection are thus 
compared by the ionization produced in the chamber in the two positions 
Iand I’. A stop is provided so that the crystal B will return exactly to 
the same position each time after displacement. 

The source of X-rays was a standard Coolidge tube with a tungsten 
target. This tube was energized by a high tension transformer supplied 
by a 500-cycle generator. The alternating potential was rectified by 
a kenetron set and the electricity stored in a large plate-glass condenser 
immersed in oil. The capacity of this condenser was such that the 
voltage applied to the tube was practically constant, the momentary 
fluctuations being of the order of one half of one per cent. of the total 
voltage (50,000) when a current of 2 milliamperes was flowing through 
the tube. The speed of the 500-cycle generator was also controlled to a 
constancy of one half of one per cent. The voltage applied to the tube 
and the current flowing could be controlled and measured to this degree 
of accuracy. The voltage was measured by a specially designed repulsion 
electrometer that had a range from 5,000 to 100,000 volts. 

The scale S,, the mounting for the crystal and the ionization chamber J 
were all mounted on an arm (not shown in the figure) and could be 
rotated about center of scale S, as axis and the angle read by a vernier 
on scale S, in the usual manner. The angle of crystal B was read by a 
vernier on scale S;. The position of the ionization chamber was read 
by another vernier on this scale. The arm M was attached to the table 
carrying crystal B. This arm extended out from the axis as shown and 
could be moved through a small angle when so desired by the finely 
threaded screw T. The disc W attached to the screw was graduated on 
its edge. The parts were so proportioned that one scale division on the 
periphery of disc W represented a rotation of crystal B through 2 seconds 
of arc. In this way it was possible to give crystal B an angular displace- 
ment as small as one fifth second of arc and read the same with consider- 
able accuracy. 

The slightly divergent beam passing through the slits Z,, Le after 
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reflection from crystal A falls on the reflecting face of crystal B. A third 
slit L3 was introduced in the path of this beam as shown in the figure. 
This narrow slit was necessary to keep the beam sufficiently narrow that 
it would not spread over an area broader than the face of crystal B at 
small glancing angles. 

Maximum reflection was obtained at a certain setting of crystal B, 
presumably this is the position in which the reflecting planes of B are 
parallel to those of A. The position of parallelism referred to in this 
paper is the position at which maximum reflection is obtained. When 
the reflecting planes of the two crystals are parallel, the ray ee’ from , 
crystal A for instance will strike crystal B in such manner that angle 6 
will equal angle a. Another ray striking crystal A at f will meet B at f’ 
and the angle c will equal angle d. The same is true for every ray re- 


CRYSTAL A 






CRYSTAL B 
Fig. 2. 


flected from A between the pointse and f. Every ray reflected from A will 
meet B at the proper angle for maximum reflection for the same setting of B. 
The above statement is only strictly true if the planes of A and B are 
perfect and the reflection follows strictly the law \ = 2d sin 6. An 
imperfection of any kind in crystal A would make the reflected ray 
slightly non-homogeneous, that is along any path as ee’ for instance the 
radiation would not only consist of a beam of wave-length given by 
\ = 2d sin 6, but would contain other radiation of slightly different 
wave-length. 

Since every pencil of rays reflected from A to B falls on B at the proper 
angle for best reflection (when the planes are parallel) we shall consider 
the coefficient of reflection as determined in this investigation to be the 
ratio of the intensity of the beam after reflection from B to its intensity 
before such reflection. These two intensities are measured by means of 
the ionization chamber in the two positions 7 and I’. 

It is at once evident from Fig. 2 that a ray ee’ of given wave-length 
reflected from A and a ray ff’ of another wave-length so reflected cannot 
both meet the crystal B at proper angle for reflection if the two crystals 
differ at all in structure or in crystal spacing. If the crystals A and B 
do differ in structure or spacing a small rotation of crystal B will bring 
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the crystal to the proper position for reflection of the rays falling on 
different portions of its surface. ; 

In addition to the lever arm M and slow screw device 7 for rotating B 
through small angles about a vertical axis, a similar device (not shown in 
the figure) was constructed for rotating crystal B about a horizontal 
axis. In this way the reflecting planes of B could be brought accurately 
parallel to those of crystal A. 

The first pair of crystals investigated was A; a Montana calcite, 
and B, a very old and clear specimen of Iceland spar. The reflection 
was from the (100) planes of each crystal. The surfaces were polished 
on a plane parallel plate in the usual manner of obtaining an optical 
polish. The crystals being carefully mounted and crystal A, set for 





Fig. 3. 


reflection of a portion (Ad) of the general radiation of a desired wave- 
length, it was found on rotating crystal B, through small angles each 
side the maximum, that a very regular curve of intensity was obtained. 
A typical curve for these two crystals is shown in Fig. 3 and is given to 
indicate how accurately such curves can be obtained. The observed 
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points lie on a very smooth regular curve. It should be pointed out that 
the principal irregularities in X-ray spectrometer observations do not 
arise from irregularities in the radiation but are due to the fact that close 
settings and readings of small angular changes car noi be made with 
verniers. The smoothness of the curves here presented is due to the 
accuracy of measuring small angular changes by the slow screw device. 
The curve (Fig. 3) is seen to have considerable width. The width of 
curve referred to throughout this paper is the width at half-maximum 
indicated by the length of the lines a aa’, bb’, cc’ in Figs. 4, 5, 6 and 7. 





Fig. 4. 


After observation of this effect due to rocking the crystal through small 
angles a systematic investigation was undertaken to ascertain its cause. 

The width of curve at half-maximum was found to be independent of: 

(a) Width of the slits Z,Le. 

(6) Voltage applied to X-ray tube. 

(c) Current through X-ray tube. 

It was found to depend on: 

(a) Angle of reflection (wave-length). 

(6) The nature of the crystals. 

(c) The state of polish of the surfaces and the similarity of crystals. 
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Three combinations of crystals were investigated designated as follows: 

Crystals A, — B;. Crystal A; was a Montana calcite. Slight flows 
were visible in the interior. Surface polished. Crystal B,. An old 
clear specimen of Iceland spar. Surface polished. 

Crystals Az — Bz. A clear specimen of Iceland spar was split in two 
portions. The surfaces polished. The two reflecting surfaces as mounted 
(Fig. 2) were the surface planes that had been in contact before splitting. 

Crystals A; — B3;. A clear specimen of Iceland spar was split into 
portions. The freshly split surfaces were not polished. The two re- 
flecting surfaces as mounted were the contiguous planes before splitting. 

These combinations of crystals showed marked differences in reflec- 
tivity and in width of rocking curves. 























TABLE I. 
Crystals A; and By. 
’ : Width of Width of Half : Si 
‘nae Wave-length.| 7 Reflection. oe 7 i Minas inter ome a 
' ‘ cept = 0. 
3° 00’ | .317 x10- 25.8 58.0 1,495 11.7 .0523 
(58.0 — 46.3) .0045 
3 30 | 369x107 24.6 67.8 1,670 21.5 .0610 | .0028 
4 00 | .422x10-4§ 23.3 
22.2 
24.8 | 
eee 
, 23.4 
5 00 | .527X10-% 21.7 
21.3 | 
agri 
21.5 
5 30 | .580x10-8 20.8 | 72.0 1,510 26.4 .0958 | .0037 
73.5 
72.5 
72.7 | 
6 00 | .632X10-§ 19.5 
19.1 | 
20.7 | 
19.8 
7 00 | .737X107% 18.3 
19.0 
18.7 
7 30 | .790x*10-8 18 78.2 
79.6 
78.8 1,475 32.5 .1305 | .0040 
8 00 | .842*10-8 17.3 83.4 1,445 37.1 .1392 | .0038 
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The curves obtained by slightly rocking crystal B, through small 
angles each side of the maximum are shown in Fig. 4. Observations 
were made at three different wave-lengths. The coefficients of reflection 
obtained at a number of glancing angles are given in Tables I and IV. ~ 

The fourth column of Table I. gives the widths at half-maxima (aa’, 
bb’ and cc’) expressed in seconds of arc. The fifth column gives the 
product of width at half-maximum and the per cent. reflection (propor- 
tional to maximum ordinate). This product is probably proportional 
to the areas of the curves. The table shows these areas to be nearly 
constant. The widths at half-maxima are plotted in Fig. 8. The 





Fig. 5. 


straight line drawn through the points intercepts the ordinate axis at 
points designated by g;. The width at half-maxima minus the intercept 
g, is given in the sixth column of the table (Q). 

The fact that the points in Fig. 8 lie approximately on a straight line 
suggests that the curve width is made up of two parts, one part a constant 
g, and another part proportional to the sine of the glancing angle. This 
is indicated by the constancy of the ratio siné/Q shown in the last column 
of the Table, where Q represents the widths at half-maxima minus the 
intercept g). 
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Crystals Az and Bz. A clear specimen of Iceland spar was split into 
two parts along a cleavage plane. The two split surfaces were polished 
on a plate using fine rouge and water as the abrasive. The crystals 
were mounted on the spectrometer in such position that the reflection 
took place at the two surfaces that had been continguous before cleavage. 
The coefficient of reflection was considerably larger than that obtained 
with the two dissimilar crystals A; — B,. The width of rocking curves 


TABLE II. 
Crystals Az and Bz. 

















— | ae —— Width of | Width of Halt | ro 
% i ° - | Ss 
ry | Wave-length. > Reflection. aan, Lyi md pices lene 4 Sin 0. | O° 
| cept= 0. 
3° 00’ | .317x10-* 37.3 | | | 
3 30 | .369X10-* (curve) 35.4 | 34.3 1,245 | 18.7 0610, | .00326 
| | 36.3 | (35.2-16.5) | 
| | 35.0 | | 
| | | 35.2 
4 00 | .422x10-% 34.3 | | | 
32.9 | 
| 33.6 | | 
4 30 | 474X107 (curve) 32.9 | 41.5 1,371 | 25.2 0785 | .00312 
| | 41.9 | | | 
| | 41.7 | | 
5S 00 .527x10-8 30.5 | | | | 
5 30 | .580X10-* (curve) 29.2 | 45.6 1,343 | 29.5 | .0958 | .00325 
| | 46.5 
| | 46.0 | | 
6 00 | .632x10-% 27.9 | | 
6 30  .68410-§(curve) 26.9 | 54.6 1,417 | 36.2 1132 | .00313 
| | 50.9 | 
— | | 
| | 52.7 | | 
7 00 | .737x10-* 26.0 | | | 
7 30 | .790x10~* (curve) 25.3 | 57.0 1,452 40.9 1305 | .00319 
| 57.8 
|_—— | 
| | 57.4 | 
8 00 | .842x10-% 24.6 | | 




















on the other hand was much less. The widths at half-maxima, the pro- 
ducts of widths at half-maxima and per cent. reflection are given in 
Table II. The product of width at half-maxima and per cent. reflection 
is not quite constant but progressively increases with glancing angle as 
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shown in the fifth column of the table. The widths at half-maxima 
plotted against glancing angle lie sensibly on a straight line (Fig. 8). 
The widths at half-maxima minus the intercept ge is given in the sixth 
column of the table (Q). The ratio sin 6/Q is a constant. The width of 
rocking curve is composed of two parts. One part is a constant g2, and 
the other part varies as the sine of the glancing angle. 

Crystals A; — B;. A clear crystal of Iceland spar was split into two 
parts along a cleavage plane. The crystals were so mounted that the 
molecular planes that were contiguous before splitting became the two 
reflecting surfaces of the crystals. The surfaces were not polished, and 





Fig. 6. 


care was taken not to touch them in any way so that the surface molecular 
layers should remain in as perfect a state as possible. 

The reflection was very much greater than that obtained with the 
other crystals described. The results are shown in Table III., where the 
several columns have the significance previously described. The curves 
obtained by rocking crystal B; are shown in Fig. 6. The product of 
widths at half-maxima and per cent. reflection is nearly constant, in- 
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creasing slightly with increasing wave-length. The intercept on the 
width at half-maxima ordinate at zero angle is shown at g;in Fig. 8. The 
ratio sin 6/Q is a constant. The curve width may be regarded as com- 
composed of two parts, one part is a constant g;, the other part varies as 
the sine of the glancing angle. 


TABLE III. 
Crystals A; and Bs. 














—— wien seal Wien of | Wish of Halt | Sin 0 
o : 0! } i = 
— Wave-length.| % Reflection. on day hil Minus Inter- Sin 6. O° 
} cept = Q. 
4 00’ | 422x107 44.4 16.1 717 3.6 | 
| 44.4 16.2 (16.2-12.6) | .0698 | .0199 
| 44.4 16.2 | 
5 30 | .580X10-% 42.9 17.3 752 4.9 0958 .0195 
| 43.3 17.6 
| —_— a 
| 43.1 17.5 
6 30 | .686X10-% 42.4 18.1 787 5.8 | .1132 , .0195 
| 43.2 18.6 | 
a omave | 
| 42.8 18.4 | 
7 30 | .790X10-% 42.4 
43.3 
42.8 | 




















The effect of similarity of crystal and treatment of surface on the width 
of rocking curves and their areas is clearly shown in Fig. 7. These 
curves are for glancing angles of 3°-30’ and 4°. They are given to scale. 
The areas of curves progressively decrease as the crystal surfaces become 
more perfect. This is also shown by the fifth column of the tables. 

For convenience of reference the per cent. reflection for the several 
crystals at various wave-lengths is assembled in Table IV. and shown 
graphically in Fig. 9. 

The last two columns of the table give the calculated variation of 
reflection with wave-length by an equation derived by C. G. Darwin! 
for imperfect crystals. All of the constants in this equation including the 
Debye heat term are collected into a single constant A, and the equation 
written in the form 

R=A (I + cos* 26) 
uw sin 6 cos 6 





1 Phil. Mag., Feb. and April, 1914. 
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For purposes of comparison the constant A is taken to be such as to give 
the observed reflection at a particular angle (6°). The reflection at 
other angles is then calculated for the absorption yw ~ d?*. For this 





Fig. 7. 


value of » the equation agrees very closely with the observed results for 
the two pairs of polished crystals. This is particularly true for crystals 
As —_ Bo. 

It should be pointed out that the per cent. reflection or coefficient of 
reflection here determined is considered to be that of crystal B in every 
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TABLE IV. 








, Per Cent. Reflection. 
































Angie. — a Observed. Computed (Darwin). 
| Ai—A. Ar-Bs. As—bs. A,—A. AA. 

s } oe 25.8 37.3 26.5 37.2 
3-30 369 | 246 

4 | 422 | 23.4 33.6 44.4 23.5 33.1 

5 | a | oe 30.5 21.6 30.1 
5-30 | .580 | 20.8 43.1 

6 632 | 198 27.9 19.8 | 27.9 
6-30 686 42.8 

7 737 | 18.7 26 18.6 25.9 
7-30 790 | 42.8 

8 842 17.3 24.6 17.5 24.6 





Fig. 8. 


case. The reflection obtained from B however depends not only on its 
perfection but also on the perfection and surface of crystal A. This is 
indicated by the performance of the combination A; — B, which differed 
in character from that of the other set of crystals. Crystal B,; was a 
perfect specimen of Iceland spar, as perfect in appearance as crystal Bo. 
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Crystal A, on the other hand, a specimen of Montana calcite showed 
imperfections that were visible in its interior. The irregular results and 
low value of the reflection obtained with these two crystals can be fairly 
attributed to the imperfection of A,. It will be specially noticed by 
Table I and Fig. 8 that the width at half-maximum in particular is too 
large at glancing angle 3° + 30’. The other points in Fig. 8 lie reason- 
ably on a straight line. In addition to the visible evidence, the imper- 
fections of crystal A, are indicated by curves of the continuous and line 





Fig. 9. 


spectrum obtained by B. A. Wooten using this crystal (PHys. REV., 
Jan., 1918—Fig. 1). The minute false lines there observed are undoubt- 
edly due to imperfections in the crystal. Crystal B; on the other hand 
appears to be fairly perfect as indicated by smooth curves of the con- 
tinuous and line spectrum obtained by C. T. Ulrey using this crystal 
(Puys. ReEv., May, 1918). 

What shall be defined as the coefficient of reflection is a matter for 
discussion. Using single crystal reflection Professor Bragg has taken 
the ratio of curve areas obtained by rocking the crystal and moving the 
slit of the ionization chamber across the beam. This of course can only 
be done in case of the line spectrum and even then is subject to the error of 
the general radiation which is present to a considerable extent. 

A. H. Compton (l.c.) has applied the method of integration of curve 
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areas in case of reflection from two crystals. The coefficient of reflection 
is expressed in terms of angular measure (per degree). It is not clear 
how such a quantity which is really the ratio of intensities before and 
after reflection can contain angular measure. 

We have taken as the coefficient the ratios of the intensities of the 
beam of X-rays before and after reflection from crystal B at position of 
maximum reflection. This is the coefficient for crystal B. The reflection 
from crystal B depends on the degree of homogeneity of the radiation 
falling on it. It is the function of crystal A to sort out from the general 
radiation a nearly homogeneous radiation for examination by crystal B. 
The degree of homogeneity depends on the perfection of crystal A. 
Since this crystal determines the character of the radiation falling on 
B it is necessary to describe the results in terms of pairs of crystals. 
The reflectivity measured however is that of crystal B for rays of the 
particular character furnished by crystal A in every case. 

The curves obtained by rocking crystal B about the position of maxi- 
mum reflection are found to depend to a marked extent on the perfection 
of the crystals and on the degree of polish of the surfaces. It will be 
observed that the curves become narrower at shorter wave-lengths. 
Also that the width decreases with increase of perfection of the crystals 
and their surfaces. The curves obtained for A; — B; are quite narrow 
and their width is nearly independent of the wave-length. The variation 
of reflectivity with wave-length decreases with increasing perfection of 
crystal surface also. Our results suggest that a really perfect crystal (were 
such possible) would probably reflect more than fifty per cent. of the radiation 
falling on it at the proper angle, and that the reflectivity would be independent 
of wave-length. 

The attention of the reader is directed to a short paper on reflection 
of radiation from an infinite series of equally spaced planes appearing in 
this number of the PHysicAL REviEwW. The results obtained are of 
considerable interest in view of the determination of reflectivity just 
described. 

The width at half-maximum of 16’ obtained for crystals A; — Bs; is 
many times too great to be attributed to the Fresnel line width that should 
be expected with radiation of such short wave-length and a grating of 
such a large number of elements. The width of 16” of arc for a reflec- 
tivity of about 45 per cent. would indicate that even in the case of a 
perfect crystal the curve width would still be of the order of a few seconds 
of arc. This width might be due to very minute differences in spacing 
in the case of the two crystals, but since contiguous planes were used 
for reflecting surfaces in case of A; — B; it is doubtful if the crystals 
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varied sufficiently in grating space in such a small distance as to produce so 
great an effect. 

Another more reasonable explanation of curve width (for perfect 
crystals) is that it is due in some way to the width of each reflecting 
plane. That is, it may be due to the distribution of the electrons about 
the nucleus of the atoms of the crystal. One of us (Stempel) has recently 
developed a theory of crystal reflection involving the electron distribution 
that accounts with some success for these curves. 

Since the width of the rocking curve would depend directly on a 
possible difference of crystal spacing in the two crystals one should 
obtain a great effect by heating one of the crystals slightly. Also by 
heating both crystals (A and B), keeping them at the same temperature 
it should be possible to measure the Debye heat effect with great accuracy 
by this arrangement of a double spectrometer. 


PHOENIX PHYSICAL LABORATORY, - 
COLUMBIA UNIVERSITY, 
January, 1921. 
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REFLECTION OF RADIATION FROM AN INFINITE SERIES 
OF EQUALLY SPACED PLANES. 


By K. W. LAMSON. 


SYNOPSIS. 

Reflection of Radiation from an Infinite Series of Equally Spaced Planes.—I{ the 
fractions of the incident radiation upon any plane which are absorbed, reflected and 
transmitted by that plane are constant and denoted by a, r and ¢ respectively, and if all 
possible internal reflections are taken account of, the coefficient of reflection is shown 
to equal (1/27) {1 —# —r? — vy [1 — 222 — r? + (2 — r*)2]}. When both a andr 
are very small, as in the case of the reflection of X-rays from a crystal surface, the 
expression becomes [1 + a/r — ¥ (a?/r? + 2a/r)]; thus the proportion reflected de- 
pends only on the ratio of absorption to reflection per plane. 

HE surprisingly large value of the reflection of X-rays from calcite 

(about 45 per cent., obtained by Bergen Davis and W. M. Stempel, 

an account of which appears in this number of the PHysicAL REVIEW, 

suggests the problem of investigating ‘the reflection that might be ex- 
pected from a system of equally spaced reflecting planes. 

No special assumptions are made as to the physical nature of the 
radiation or of the reflecting medium other than that it consists of an 
indefinite number of equally spaced planes. As the radiation passes 
through each plane a minute fraction 7 is reflected and a minute fraction a 
is absorbed. The amount transmitted ist = 1 —r—a. The fraction 
reflected per plane is quite small being of the order perhaps of 10~ to 10~*. 

In the case of a perfect crystal the absorption per plane is probably 
much less than the reflection! for the particular wave-length for which 
the reflection is a maximum for any given angle. The percentage of 
transmission, reflection and absorption is assumed to be the same for all 
planes. 

The final emergent (front reflecting face) ray from a system of planes 
is made up of parts, each of which has been reflected an odd number of 
times and transmitted through an even number of planes. 

Assume the intensity of the ray incident at the first plane to be unity. 
Then the intensity of a ray after 27 — 1 reflections and 27 transmissions is 


I= fpr, (1) 


Let C;; be the number of ways in which it is possible for a ray to be 
1C. G. Darwin, Phil. Mag., April, 1914. 
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transmitted 27 times and reflected 27 — 1 times. Then the total amount 
reflected is 


R= DC, (2) 
ij=1 


The values of C;; were computed directly for all values of i and j up to 5 
and were seen to be given by the following formula. 
c, - GAI= ANG +5 - 0)! 
v G-DlilG—y!;! 
_ iG + 1G + 2) G45 — 2) +5 -1) 
(jG — 1)!7! 
This formula has been checked by the independent computation of 
C;; for 1 = 8 andj = 7. 
For the case when j = 1, C;, = 1, the contribution of a single reflection 
from all planes is 
= ; r I I 
X (Cat r= : '4-i(3)- (4) 
The sum appearing in the formula for R Equation (2) has been found 
by T. H. Gronwall to be 











(3) 


I — — 
—— —-f—PV1 — 2f — ers (fF — r)?]. (5) 


For the values of a, 7, t which we are considering, this is equal to 


a Ja 2a 
ee-+i~yy tt (6) 





Thus the total reflection depends only on the ratio of absorption to 
reflection at each plane. As 7 is so small it might be expected that the 
terms in 7’, 7°, etc., might be neglected, that is, that the contributions of 
repeated internal reflections might be neglected. This however, is not 
the case. The number of possible paths increases so rapidly with the 
number of reflections that for probable values of a/r, the repeated reflec- 
tions contribute a considerable portion of the total energy reflected. 

The following table is computed from formula (6) for various values 
of the ratio a/r. 








mm | 
3|4/|s]2i]2/] 3 |20 


Absorption per Plane - on “ : | . 
Reflection per Plane“ is “= 5 : 
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Per cent. reflection....... 100| 82 | 73 | 64 | 54 | 47, 42 | 38 | 27| 17| 13 | 5 








COLUMBIA UNIVERSITY, 
JANUARY, 1921. 








SECOND 
626 CARLETON C. MURDOCK. cae 


A STUDY OF THE PHOTO-ACTIVE ELECTROLYTIC CELL, 
PLATINUM—RHODAMINE-B—PLATINUM. 


By CARLETON C. MuRDOCK. 


SYNOPSIS. 


The Range of the Current-time Equations.—Goldmann and Thompson have each 
suggested equations to represent both the growth and the decay of the current 
given by a photo-active electrolytic cell having electrodes of platinum and an 
alcoholic solution of Rhodamine-B as electrolyte. The author points out that in each 
of these equations it is necessary to use different parameters after the first minute of 
the growth or decay than before and suggests that this may be due to the failure to 
correct the data for the inertia and damping of the galvanometer coil. A method for 
correcting the galvanometer deflections for these effects is discussed and correction 
equations developed. These equations involve constants of the galvonometer, the 
resistances of the circuit and the polarization capacity of the cell. 

The polarization capacity of the cell used is measured by impressing a small potential 
difference on the cell and observing the instantaneous galvanometer deflections. 
The capacity as computed from the time constant of the corrected current-time 
curves gives 26 microfarads per square centimeter of each electrode. This is in 
good agreement with the results obtained by other observers for the capacity of 
platinum electrodes in aqueous solutions of inorganic substances. 

The Dark Current.—Cells having as electrodes sputtered platinum films are found 
to give a current when not illuminated if the electrodes are not alike. This current 
tends to flow (a) from the denser to the less dense electrode, (b) from the warmer to 
the cooler electrode. Its value is independent of the external resistance of the 
circuit within the range 0 to 1 megohm and decreases slowly as fatigue effects the 
photoelectric sensitiveness of the cell. 

Tests of the Current-time Equations.—Data taken by subjecting the cell to expo- 
sures of 10 minutes or more (a) can not be repeated (b) are not when corrected in 
agreement with either of the above types of equation. Data taken by exposures of 
1 minute (a) may be repeated very exactly, (6) are not, when corrected, in agree- 
ment with either type of equation unless the parameters are allowed to change 
and then only in the case of Goldmann’s equation for the growth and Thompson’s 
equation for the decay. In both these cases the change in the parameters occurs 
at about 8 seconds. 

The Hyperbolic Decay Equation.—It is shown that the decay of the current 
following an exposure of 1 minute or less is well represented throughout the range 


of experiment by the equation 
t 


fae rs’ 
an equilateral hyperbola. 

The effect of the length of exposure on the decay is investigated for exposures of 
15, 30, and 60 seconds making use of this equation. It is found that the initial rate 
of decay is independent of the length of exposure. This is shown to be not con- 
sistent with Goldmann’s equation. 
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HE fact that electrolytic cells containing alcoholic solutions of certain 
organic dyes have photo-electric properties, was first shown by the 
work of Nichols and Merritt! in 1904. That the effects are electromotive 
in character rather than resistive, was not understood, however, until the 
work of Hodge? in 1908. He showed that the effects are produced by 
the action of the light on a very thin layer of the solution at the boundary 
surface between the illuminated electrode and the electrolyte. The 
same results were independently obtained by Goldmann* who made a 
systematic study of cells of this type. He found that the current pro- 
duced in the external part of the circuit is proportional to the light in- 
tensity and to the area of the illuminated electrode and that it is prac- 
tically independent of the external resistance for the range from 3,000 
to 100,000 ohms. 

When the surface between one of the electrodes and the electrolyte is 
illuminated, the electrode becomes positively charged and if it is con- 
nected to the other, a current will flow from the illuminated to the 
unilluminated electrode. This current is not constant but increases 
rapidly at first and then more and more slowly until it reaches a maximum 
after which it slowly decreases. When the exciting light is cut off the 
current decreases in a similar manner and very gradually approaches 
its initial value. 

Two types of equations have thus far been proposed to express the 
law of the variation with time of this photoelectric current. Both apply 
to the case where the duration of the exposure is so short that the maxi- 
mum current is not reached. The first of these was proposed by Gold- 
mann. He assumed that the effect is due to an ionization of the solute 
molecule by the incident light ina manner similar to the Lenard-Hallwachs 
effect and that there results a charging of the electrolytic capacity of the 
illuminated electrode. On the basis of this he derived equations (1) and 
(2) for the growth and decay respectively. 


t= gi — e™), (1) 
j= toe ™*. (2) 


In these equations, 7 represents the instantaneous value of the current 
at time, ¢; g, the charge liberated per second by the light; i, the initial 
value of the decay current; and m, 1/CR, where C is the electrolytic 
capacity and R the external resistance. 

In order to represent his experimental data, he found it necessary to 
modify his equations by the addition of constant terms. 

1 Nichols and Merritt, PHys. REv., Vol. 19, p. 415. 


2? Hodge, Puys. REv., Vol. 26, p. 540 and Vol. 28, p. 25. 
3 Goldmann, Ann. d. Phys., Vol. 27, p. 449, 1908. 











SECOND 


628 CARLETON C. MURDOCK. Secous 
i= A,+ Bi — e™"), (3) 
41=A,t+ Bee™. (4) 


Equations (3) and (4) show these modified forms. A;, Ae, Bi, Be, m1, 
and m; are empirical constants and the values of m, and mz are not equal 
but differ by about 40 per cent. The values of 7 computed from equation 
(3) and (4) are in good agreement with Goldmann’s observed values 
except when ¢ is less than one minute, in which case there is a marked 
discrepancy. 

The other type of equation was proposed by Thompson! and was 
suggested by the fact that most of the dyes exhibiting this property are 
fluorescent and by the similarity between the curve of the decay of the 
photoelectric current and that of the decay of phosphorescence. If the 
reciprocal square root of the intensity of phosphorescent light is plotted 
against time either a straight line or a series of intersecting straight lines 
will result. Thompson plotted the reciprocal square root of the photo- 
electric current against time and obtained with both the growth and 
decay data, points that lay upon two straight lines. In both cases 
these lines intersected at a point whose abscissa was approximately one 
minute. 

At present the evidence to show that either of these laws has real 
physical significance seems inconclusive, the first because of the added 
terms and the failure for the first part of the curve, the second, because 
of the absence of any theoretical derivation. These two attempts to 
express the law of the variation of the current have one striking feature 
incommon. In both the equation which represents the data over most 
of the range fails to do so during the first minute. This may be due as 
both Goldmann and Thompson suggest to the fact that there are two 
effects present of different rates of growth and decay, it may be caused 
by a systematic error in the method of measurement or it may indicate 
that the proposed laws are only approximately correct. In the first 
part of the curves the slope and curvature are large and consequently 
the damping and inertia of the suspended system of the galvanometer 
must affect the form of the experimentally determined curves to a con- 
siderable extent. Failure to correct the curves for these effects would 
involve errors that would be of appreciable size during approximately 
the first minute and this may account for the apparent change in the 
laws during that interval. It seemed desirable, therefore, to study the 
current-time curves in this interval making correction for the failure of 
the glavanometer deflection to follow the rapidly changing current. This 


1 Thompson, Puys. REv., Ser. 2, Vol. 5, p. 43. 
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correction can be computed from the differential equation of motion of 
the galvanometer. 
For the case of a circuit consisting of pure resistances this equation is 


(aé + Bi + x)j = u, (5) 


in which x represents the scale reading of the deflection and u, the 
current to be measured at time, ¢, and 7 the current constant of the 
instrument for the scale used. a is also a constant of the instrument but 
8 is a linear function of the reciprocal resistance of the circuit. If we 
let 8 = x + X/p where p is this resistance; a, x and \ are constants whose 
values are easily determined from observations on the period and logarith- 
mic decrement of the instrument as functions of p. Let 


u = jy, (6) 
then y is the value of x corrected for the errors introduced by the gal- 
vanometer and the desired correction equation is 

y=x+ax + Bx. (7) 
Given x as a function of t, x and x may be obtained graphically and the 
correction terms of (7) computed.! 

In the experiments described below I used a galvanometer having the 
following constants: a = 5.3, B = .46 + (61 X 10°)/p and j = 3.9 X 
10~'° (where x is measured in centimeters at 282 centimeters distance; ¢, 
in seconds; 7, in amperes and p in ohms). The condition for critical 
damping of the galvanometer is that 6? = 4a = 21.2 giving B = 4.6 
and p = 14,700 ohms. In practise values of p larger than this were 
used, thus decreasing the value of the correction coefficient, 8. The 
values ranged from 17,000 to 21,000 ohms. 

This method of correction was carefully tested and found to be capable 
of an accuracy considerably greater than demanded by the experiments 
to be performed. In order to be able to change the effective sensibility 
of the galvanometer and the resistance of the circuit and at the same time 
keep the value of p within the above range, the galvanometer was shunted 
as shown in Fig. 1. Because of the inductance of the galvanometer, 
variable currents will not divide between the galvanometer and the 
shunt branches strictly in accordance with the law of shunts for steady 
currents. It will be allowable, however, to assume this law provided 
li <pgu in which / is the inductance and g the resistance of the galvanom- 

1 This method is in effect the same as that used by Einthoven (Amst. Acad. Proc., 8, 
p. 210, 1906) in analyzing the curves obtained with his string galvanometer. The details 
of the measurements are necessarily somewhat different due to the difference in the charac- 


teristics of the instruments. The author has failed to find any account of the method as 
applied to a D’Arsonval galvanometer. 
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eter and p the fractional error allowed. This may be written 


vile 
va l™ 


u 
co-> 
7 Uu 


y/y may be readily evaluated from the correction curves and the condition 
is that it shall be greater than the inductive time constant of the gal- 
vanometer, //g, divided by the allowable fractional error. When this 
condition holds the introduction of a network between the galvanometer 


a ; c r 
s ra A 
6 ‘ 
B B 


Fig. 1. Fig. 2. 














and the external part of the circuit does not change the effective values 
of a, x and X but the effective value of 7 becomes 1 -j where n is the shunt 
ratio for the network. 

In case there is an electrolytic cell in the external branch, AB, the 
resistance external to the galvanometer cannot be regarded as a pure 
resistance as the polarization of the cell by the currents generated in the 
moving coil reacts to affect the motion of the coil. For the purpose of 
studying its polarization a cell may be considered as equivalent to a 
capacity, c, shunted by a resistance, 7, and the two in series with a 
resistance, h, equal to the resistance of the cell as measured on an alter- 
nating current bridge. This network is shown in Fig. 2. f is a resistance 
box which was in series with the cell. The values of r and c which would 
make such a network strictly equivalent to the cell are not constants but 
are functions of the polarization. The measurements of r for the cells 
used in the experiments here described indicate that it is nearly constant 
within the range of potentials used. No data has been taken with these 
cells on which conclusive evidence concerning the variation of c with 
polarization can be based. However it has been shown that the variation 
of c with polarization in cells containing aqueous solutions is small at 
small potential differences.!_ It seems safe to assume r and ¢ as constants 
for the purpose of calculating the correction to the galvanometer deflec- 
tion due to polarization provided the correction so calculated is small. 

Suppose the network shown in Fig. 2 to be connected to a galvanometer 


1 Blondlot, Journ. d. phys., 10, p. 333, 1881. 
Sheldon, Leitch and Shaw. Puys. REv., 2, p. 401, 1895. 








ng a PHOTO-ACTIVE ELECTROLYTIC CELL. 631 


through another network for controlling the sensibility and damping of 
the galvanometer. Let 7 be the shunt ratio of this network; R, the effec- 
tive resistance of this network and the galvanometer; and p the damping 
resistance. Let ¢ =h+f+ Rand w = r{/(r +). Then the equation 
of motion is 
. = ee : 

| az + Bi + = | € [z@].ds + | nj =u (8) 
in which a, 8, \ and j are the same as in equation (5) and & is the value of 
t when ¢ = ¢ = 0. (For the proof of this equation see the appendix. 

The correction equation now becomes 


X t 
y=x+aé+ Bit = f eo HT #].ds, (9) 


which differs from equation (7) only in addition of the last term. For 
the purposes of computation it has been found convenient to modify the 
form of this new correction term. Let z = e*~*/*° and z = &*-**¢, 
Using z as the variable of integration instead of s, the term becomes 


wc ( 


ny? 20 


1 l 20 
ff zas = [i aas - ff #dz 
% 0 0 


and if we select the time f) as some time before the beginning of the 
experiment when the galvanometer coil was at rest for a finite time, we 


Zz 
[ads =o 
7/0 


without error as far as the experiment is concerned. Thus we obtain 





¢dz. 


Now 
can write 


1 
yaxtattpity| ads (10) 
0 


where 


1 
f dz is the mean value of # weighted with respect to z from z = 0 to 
0 


z = 1. When wc is small the values of ¢ for the time just preceding ¢ 
weigh heavily and the integral closely approximates the value of # at time 
t. When this approximation is justified the correction becomes 


y=x+a't + Bi, (11) 


where a’ = a+y. This form of equation may be used whenever 
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yxwe is negligible in comparison with y. Otherwise equation (10) must 
be used and the value of the integral evaluated graphically. In order 
to make the corrections indicated in equations (10) and (11), it is neces- 
sary to know, in addition to the galvanometer constants required for the 
use of equation (7), the values of r and c for the electrolytic cell. 

The cells used by the earlier experimenters had opaque platinum 
electrodes pressed closely against the front wall of the glass box containing 
the electrolytic solution. In this type of cell a thin layer of the solution 
is traversed by the light before it is incident upor the surface of the 
electrode. This layer absorbs some of the light. There are two serious 
objections to this type of cell for quantitative work. The thickness of 
the absorbing layer cannot be measured with sufficient accuracy to 
enable one to estimate the effective intensity of the light. In such a cell 
there is always a part of the electrode surface upon which no light falls 
but which is in contact with the solution. Between this portion of the 
electrode surface and the illuminated portion there is an electromotive 
force which the electrode itself short-circuits. Goldmann used as elec- 
trodes semitransparent platinum films deposited by Kundt’s method on 
the glass of the front wall of the cell. The light was transmitted through 
the electrode and was thus incident upon the sensitive layer without 
previous absorption in the solution. Thompson used, for the most part, 
cells of the opaque electrode type but he also used cells whose electrodes 


ZG 





a® | 





7 




















Fig. 3. Fig. 4. 


were semitransparent silver films. In connection with his results on the 
current-time curve, he does not state which type of cell was used. 

The cell used in the experiments described below consisted of a piece 
of plate glass, 4x 5 cm. and 6 mm. thick, cut as shown in Fig. 3 and 
placed between two plates of optical glass upon which were semitrans- 
parent films of platinum as shown in Fig. 4. The part of the film marked, 
a, in the figure was thick enough to be opaque and was used to make 
contact between the semitransparent film, b, and the external part of 
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the circuit. The films were deposited by cathodic sputtering and were 
then baked at a dull red temperature to make them more permanent. 
The diameter of the circular part of the film was 2 cm. and the cell was 
filled so that the meniscus was tangent to the circle at its upper edge. 
This made the effective electrode area 3.2 sq. cm. The cell as used in 
the experiments described below was filled with a 6 per cent. solution of 
rhodamine-B in absolute alcohol and had a resistance of about 15,000 
ohms. A large part of this resistance was in the narrow strips of platinum 
film leading from the opaque film above to the circular part in contact 
with the solution. 

The values of the quantities r and c were measured by placing the cell 
in series with the shunted galvanometer, a megohm box and a small 
constant electromotive force obtained from the “‘E. M. F.”’ terminals of 
a low resistance potentiometer. If we imagine the cell replaced by the 
equivalent capacity and resistances, the circuit is represented by. the 
network shown in Fig. 2, the shunted galvanometer and the electromotive 
force in series. The expression for the instantaneous value of the current 
through h is 

E 


in which C is a constant determined by the initial conditions. If E 
remains constant, the second term approaches zero and the current, a 
steady value, i = E/({ +r.) Since i, E, and ¢ are known, the value of r 
can be computed. If the value of E is now changed the current will 
approach its new value by the exponential curve represented by the 
above equation and the value of we can be determined from the curve. 
Since both ¢ and 7 are now known w is known and the value of c may 
therefore be computed. This method of measuring the polarization 
capacity of an electrolytic cell, while not yielding results of as high ac- 
curacy as other methods, is particularly well adapted to the measurement 
of cells of high resistance. The large time constants of such cells make 
most of the methods usually employed, impractical. 

Fig. 5 shows results obtained by this method with the cell described 
above. At time, tf = 0, E was changed from 0 to .07 volts and at time, 
t = goo sec., it was again made 0. The variation of the galvanometer 
deflection with time is shown by the dotted line curve, the small circles 
representing the actual observations. Equation (7) was used to correct 
these curves for the errors introduced by the galvanometer as the con- 
stants required for the use of the more exact equation were not known. 
The small crosses indicate the corrected observations wherever the correc- 
tions are larger than the radii of the small circles. The two full line 
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curves are plots of the equations 
y = 4.6 + 6.7€° 8! and y = 7e~-%, 
The experiment illustrated in Fig. 5 gives as values of we, 30 and 31 


seconds and, of r, 3.2 megohms. A considerable number of experiments 
of this type were tried. The resulting values of we varied considerably. 
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‘The mean vaue was 33 seconds. The values of the steady currents for 
the whole set of experiments were plotted against the corresponding 
impressed electromotive forces. The resulting line curved slightly but 
was practically straight throughout the range covered in the photoelectric 
experiments. Its slope indicated a value of r of 3.1 megohms. In these 
experiments » = 13.4, f = I megohm, / = 15,000 ohms and R = 4,600 
ohms giving { = 1.02 megohms, w = .78 megohms, y = .OI1 sec.? and 
¢ = 42 microfarads. The value of y is negligible in comparison with 
that of a. Thus the additional correction which would have been in- 
volved had equation (10) been used instead of equation (7) is zero and 
no further correction is here needed. 

The electrolytic capacity of cells with platinum electrodes has been 
measured by several observers using a variety of methods. The capacity 
is proportional to the area of the electrode and varies with the material 
of the electrode and somewhat with the potential but it is practically 
independent of the electrolyte. The value here obtained, 42 microfarads, 
is the capacity of two condensers in series. The capacity of each electrode 
is therefore 84 microfarads and this gives 84/3.2 = 26 microfarads per 
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sq.cm. This compares well with the values that have been obtained by 
other experimenters who, however, worked with aqueous solutions. 
Some of the values obtained with platinum electrodes are: Varley,' 50; 
Kohlrausch,' 26; Blondlot,' 31; Hemholtz,' 39; Bouty,? 20; Scott,* 50. 
Goldmann obtained the value of 20 microfarads per sq. cm. for his cell 
which would give 40 microfarads per sq. cm. for each electrode. This 
was obtained from data taken on open circuit with an electrometer 
during illumination and the computation was based on his theory of the 
photoelectric action of the cell, the assumptions at the basis of which 
are given above. 

Many electrodes were made and tested before the two finally used 
were selected. When a cell was set up and connected in a circuit with a 
galvanometer there was always a current even with the cell in the dark. 
This current would vary rapidly at first but when the polarization effects 
produced by the illumination incident to the operation of setting up the 
cell had disappeared it would assume a fairly steady value. This dark 
current was the greater, the more the difference in the density of the two 
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films and when the two were at the same temperature, the denser electrode 
was always positive. Raising the temperature of either electrode made 
it more positive. The current was so sensitive to temperature variations 
that unless precautions were taken to keep the temperature of the cell 
uniform, the dark current varied in an erratic manner. 

The dark current was found to be similar to the photoelectric current 
in that its value is independent of the resistance of the circuit within 
a large range of variation. This is shown in Fig. 6 in which the value of 
the dark current is plotted against time. At every change in the value 
of the resistance there is indicated a throw of the galvanometer such as 

1 Sheldon, Leitch and Shaw, loc. cit. 


2 Bouty, Jour. de phys. (3), Vol. 3, p. 498, 1894. 
3 Scott, Ann. der phys., Vol. 67, p. 402, 1899. 
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one might expect as the result of the charging or discharging of the electro- 
lytic capacity due to the change in the value of the potential drop in the 
external resistance. In addition to these throws the diagram shows a 
slow and apparently erratic drift in the value of the current. There 
seems to be no relation between this and the resistance changes. This 
drift is characteristic of that due to temperature variations. In this 
experiment the resistance of the galvanometer was about 1,000 ohms and 
the resistance of the cell as measured on an alternating current bridge, 
15,000 ohms. We have therefore varied the resistance of the circuit 
through the range, 16,000 to 1,016,000 ohms without producing an effect 
upon the current which can be attributed to this variation. 

A dark current was also found by Thompson which, however, he was 
able to partially eliminate by the introduction of resistance into the 
circuit. This would seem to indicate that there was present in addition 
to the current of the type described above, one due to a chemico-electro- 
motive force. In all previous work with semitransparent electrodes 
the films have been deposited simultaneously, side by side on the same 
piece of glass. Under these conditions the electrodes would ordinarily 
be so nearly alike in density and temperature that the dark current would 
be so small as to escape notice. ‘This dark current should be made the 
subject of a thorough study. Its evident simularity to the photoelectric 
current makes it probable that the explanation of the latter will also 
explain the former. Further work on this subject is now under way. 
In this investigation the effort was rather to reduce the dark current to 
zero by producing two electrodes of equal densities. 

The two films finally selected transmitted respectively 68 per cent. 
and 72 per cent. of the incident light. The transmission of each was 
nonselective throughout the visible spectrum. The cell made up with 











TABLE I. 
Day. | ° I 2 3 10 | 15 
Dark current........... | 3.0 2.5 2.0 ) 1.3 Ss 
Sensitivity............. | * 95 85 7 6 








these two electrodes was filled with a 6 per cent. solution of rhodamine-B 
and placed in a glass box which was sealed to prevent the evaporation of 
the solution. This was then placed in a dark box arranged with a shut- 
tered opening through which one of the electrodes could be illuminated at 
will. The dark current observed was the smallest that had been obtained 
with a cell of this type. Its value was observed from time to time for 
more than two weeks. Table I. gives data on the dark current during 
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this period. The current varied continually because of temperature 
changes and the values are the estimated mean values for the day in 
question measured in 10~* amperes. 

During the same period a series of photoelectric experiments was per- 
formed under varying conditions as to length of exposure and resistance. 
Estimated values of the photoelectric sensitivity measured on an arbi- 
trary scale are included in the table for comparison. The data shows a 
decrease in the value of the dark current with time. It is accompanied 
by a corresponding decrease in the photoelectric sensitivity. It seems 
probable that there is a relationship between the two fatigue effects. 

Several of the photoelectric current curves of the series just described 
have been corrected for the errors introduced by the galvanometer and 
tested for agreement with the Thompson and Goldmann equations. In 
no case have satisfactory results been obtained. When the Thompson 
test was applied a curved line always resulted. In most cases, however, 
it was of such a form that if fewer observations had been plotted it 
might easily have been interpreted as two straight lines. In taking data 
for these curves a chronograph was used and a large number of points 
were recorded. Thompson’s diagrams show but few observation points. 
It seems probable that the difference in the results obtained is due to the 
fact that his observations were too few and too far apart to indicate the 
steady character of the curvature. 

The cell with which Goldmann obtained the current-time curves whose 
equations are given above had for its unilluminated electrode a copper 
plate in an aqueous solution of copper sulphate connected to the alcoholic 
rhodamine — B solution by a capillary tube. This electrode was designed 
to avoid the errors due to the polarization of the unilluminated electrode 
by the photoelectric current. Goldmann found that, when this electrode 
was used, the current was in general greater than that obtained at 
corresponding times with the ordinary type of electrode. However 
during approximately the first minute of an exposure the two results did 
not differ measurably. I have, as yet, made no attempt to correct for 
the error due to the polarization of the dark electrode by the photoelectric 
current. If Goldmann’s method of eliminating this error is correct, it 
is negligible for exposures of less than one minute’s duration and in as 
much as it is the beginning of the growth and decay curves which is the 
particular object of this study, a series of curves has been made in which 
the exposure is limited to one minute. 

It having been found not feasible to eliminate the dark current with the 
type of cell in use, its value was made as constant as possible by surround- 
ing the cell by an oil bath ina glass box. This steadied the temperature 
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variations and no further trouble was experienced from variations of 
the dark current. The deflection due to the dark current was then taken 
as the zero from which the photoelectric current was measured. 

In exposures of short duration the exact time of the opening and the 
closing of the shutter becomes important. In order to insure an accurate 
record of these times the shutter was so arranged that its openings and 
closings were automatically recorded on the same chronograph used to 
record the growth and decay curves. 

Fig. 7 shows the results of a series of four experiments performed by 
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this method. The cell was illuminated with an intensity of 5.2 foot 
candles for one minute. The symbols ©, X, + and © represent the 
data from the first, second, third and fourth experiment respectively. 
The time is taken as zero at the instant of the opening of the shutter 
in each experiment and the deflection due to the dark current has been 
substracted from the ordinates before plotting in each case. The 
striking feature of these observations is the accuracy with which the 
results are repeated. In all previous experiments with longer exposures 
it was found impossible to reproduce results. In every case the current 
would be less at the second trial. 

The curve shown in Fig. 7 is the composite of the four experiments 
corrected by equation (11). The following are the values of the con- 
stants involved. 


a, 20,000, h, 15,000, n, 2.6, 
b, 13,000, cr, 22,950, we,  .96, 
$, 50,000, r, 3,100,000, a, $3 


g, 480, w, 22,750, B, 3.5, 
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R, 7,950, ¢ 42Xto*, - Y +4, 
jf O, l, .O15, e+ 22 
p, 20,400, I/g, .00003, nj, 107°. 


Fig. 8 shows the graphical plots from which the corrections were com- 
1 

puted: (a) is Z; (b), € and (c), f ¥dz. Plot (c) was only made for the 
0 


growth curve as it so closely approximates (5) as to make it possible to 
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use equation (11). The value of the test function, ywcX is nowhere 
greater than .02 which is less than the uncertainty in the value of y. 
The computation of the values of y for the third experiment of the 
series is shown in Table II. 
In this computation the result is nowhere more accurate than one per 
cent. In order therefore to justify the assumption of the truth of the 
law of shunts y/y must be greater than 100 X .00003 = .003 seconds. 
An examination of the curves of Fig. 7 shows that this is true except in 
the range from 0 to .003 seconds. As no data was taken in this range, 
the assumption is justified. 

Fig. 9 shows a test of the data of Table II. for compliance with Thomp- 
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son’s type of equation. The result here shown is typical of those obtained 
in all of the experiments performed. In all, the growth data give a 
smoothly curving line, the point at ¢ = 60 lies below the first straight 
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TABLE II. 
te | x 3-57 5.7. w 
0 0 | 0 
1.4 A 6 75 | 1.45 
4.4 1.1 1.65 5 | 3.25 
63 | 2.1 1.85 0. | 3.95 
8.4 | 3.1 1.7 —.2 | 4.6 
10.5 4.1 1.45 —.2 5.35 
13.2 | 5.1 1.15 —.15 | 6.1 
16.5 6.1 9 -.1 6.9 
20.9 7.1 7 —.05 7.75 
26.2 8.1 55 —.05 8.6 
32.7 9.1 45 9.55 
41.6 10.1 4 10.5 
52.4 11.1 3 11.4 
60.0 11.7 3 12.0 
63.9 11.1 —1.25 —.55 9.3 
65.1 10.6 —1.55 —.15 8.9 
66.1 10.1 —1.6 —.05 8.45 
68.4 9.1 —1.45 15 7.8 
71.1 8A —1.2 2 7.1 
74.0 7.1 — .95 15 6.3 
78.1 6.1 — .75 A 5.45 
80.9 5.6 — .65 05 5.0 
84.2 5.1 — 45 05 4.7 
88.5 4.6 — .35 05 4.3 
93.6 4.1 — .25 3.85 
100.4 3.6 — 2 3.4 
109.9 3.1 — .15 2.95 
123 2.6 - 1 2.5 
141 2.1 - 1 2.0 
168 1.6 — .05 1.55 
205 1.1 1.1 























line of the decay and the points near the intersection of the two straight 
lines form a curve tangent to both. It is evident that Thompson’s law 
does not hold for short exposures in the case of the growth data. This 
result might have been predicted for the case of short exposures from the 
fact that y~'/? is necessarily infinity when ¢ is zero. In the case of the 
decay data Fig. 9 probably gives as good verification of the law as that 
obtained by Thompson. The results, however, show conclusively that 
the knee in the plot is not to be associated with the errors due to the 
galvanometer but that it is characteristic of the law of decay. The fact 
that the point at ¢ = 60 in every case falls below the first straight line 
might be interpreted as indicating the existence of another line through 
this point and intersecting the first between this point and the next one 
shown. Similar cases of three intersecting straight lines have been 
found in phosphorescence decay curves. 
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It has been found impossible to represent the data by an equation of 
the type of (1), Goldmann’s theoretical equation for the current during 
illumination. Line “a” in Fig. 10 shows the best result that has been 
obtained in this attempt. Here the values of y from the growth curve 
have been plotted against e~-*‘. However an equation of the type of 
(3) may be found that will represent the data except during the first 10 
seconds. This is the same sort of agreement that Goldmann found 
between his data and the equation. This is shown in Fig. 11 in which y 
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Fig. 10. Fig. 11. 


is plotted against e~-**, In this case, however, it is doubtful if the 
agreement is truly significant. If similar plots are made using various 
larger values of m,, there is in each case a range within which the points 
lie upon a straight line. Line “d” in Fig. 10 is an example of this and 
represents the data in the range from 5 to 25 seconds. The deviation of 
the points from this line for times less than 5 seconds is of the same type 
as that observed by Goldmann. The deviation for times greater than 
25 seconds is in the wrong direction to be explained by the polarization 
of the dark electrode. As one takes smaller or larger values of m, this 
range of agreement comes later or earlier but the deviation outside of it 
remains of the same type as shown. In Fig. 11, m has so small a value 
that the range of agreement extends to the end of the time of exposure. 
There is every reason to think that, if the exposure had been longer, 
deviations from the straight line would have been found for times later 
than 60 seconds. In fact the last point of the plot shows evidence of 
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the beginning of such a deviation. For values of m, less than .033 the 
agreement is not satisfactory. Fig. 12 shows a test of the data for com- 
pliance with (2), Goldmann’s theoretical equation for the current during 
decay. Here log, y is plotted against ¢. The result should be a straight 
line if the equation holds. This is obviously not the case. Attempts 
to represent the decay data by an equation of the type of (4) have also 
been unsuccessful. 

It seems fair to conclude that the change in the laws of growth and 
decay observed by both Goldmann and Thompson at about one minute 
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are not due to the damping and inertia of the galvanometer coil. None of 
the laws, with the exception of Thompson’s law of decay, accurately 
represents the data for short exposures. This cannot but cast some 
doubt upon Goldmann’s theory of the mechanism of the photoelectric 
action as it would seem that if his ideas were correct equations (1) and (2) 
would more nearly represent the data for short exposures than for long. 
To make this result conclusive, however, experiments should be carried 
on over longer periods of exposure under conditions which would allow 
of correction being made for the polarization of the dark electrode. 

In order to study the effect of variations in the composition and con- 
centration of the electrolyte and in the material and density of the elec- 
trodes upon the photoelectric properties of cells, it is desirable to have 
some equation which at least approximately represents the current-time 
curve. The numerical constants of such an equation, even though it 
be empirical, are very useful in making comparisons. —Thompson’s 
law of decay might be used for this purpose but it has the disadvantage 
that it involves at least four constants. I have found that an equation 
of the type, 


(12) 
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in which ¢ is measured from the instant of closing the shutter and yo 
is the value of y at that instant, very closely represents the decay curves 
following exposures of not more than a minute’s duration. This equation 
may be written in the form 


L L 
(\-H)(>-n+$)=%. as 


the equation of an equilateral hyperbola if y is plotted against ¢ as in 
Fig. 7. It may be also written, 


t 
—- = Mt+L, I 
——s (14) 
the equation of a straight line if ¢/(yo — y), is plotted against ¢ as in Fig. 13. 
In making this plot the data from Table II. was used. The values of 


the constants found to give the best results are L = 1.28, and M = .0844, 
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giving 1/M = 11.85, L/M = 15.2, L/M? = 180 and 


_  i2z2—6 
~ ,0844t + 1.28° 





y 


Table III. gives the observed and computed values of y and their 
differences. 

There seems to be a possible systematic deviation from the hyperbolic 
law during the early part of the decay. This is indicated in the table by 
the positive differences in the second, third and fourth items and in 
Fig. 13 by a downward trend of the points near the left end of the line. 
Deviations of this type have been found in several experiments and 
always in the same sense. Frequently, however, there is no such indi- 
cation.! The data in this region is less accurate than the rest and has 

1 See Fig. 14, curve (C). 
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TABLE III. 

ys Je. Diff. y- . See 7 Diff. 
Ge | 120 | O | 47 4.7 0 
| ae | 9.6 | 3 | 4.3 4.25 | = .05 
ee | 9.0 a 3.85 3.85 | 0 
a 8.6 | 4145 | 3.4 3.4 | Oo. 
ee 7.8 0 2.95 2.9 —.05 
Ee 7.0 —.1 25 2.45 —.05 
a 6.3 0 2.0 2.0 0 
Rs 5b. wala 5.55 | 1.55 1.6 .05 





a ia '  — a. 1.25 | AS 








been given less weight in determining the values of the constants M and L. 
Moreover the method of plotting used in Fig. 13 is particularly sensitive 
to errors at the left end of the line. 

Use has been made of the hyperbolic relation to study the effect of 
the length of exposure on the nature of the decay. In another series of 
experiments, performed with the same cell, decay curves were taken after 
exposure of 60, 30 and 15 seconds. The cell was only partly filled with 
the electrolytes as some of the solution had leaked out and the effective 
area of the electrodes was observed to be about 2/3 of that in the first 
series. The values of the constants involved in the correction equation 
were the same as before except that the change in the effective area of 
the electrodes modified the values of c and r and of the constants depending 
on them. Assuming that the new area was 2/3 of the old, c = 28 micro- 
farads, r = 4.9 megohms, we = .64 seconds and y = .3 sec.2. When 
the cell was illuminated with light of the same intensity as before a 
growth curve was obtained of which the corrected ordinates were .64 
times those obtained in the previous experiments. This verifies the 
estimated value, 2/3, as the photoelectric current has been found to 
be proportional to the effective eiectrode area.'! 

Fig. 14 shows corrected data for the decay curves plotted in accordance 
with equation (14). The lines (a), (6), and (c) are the plots for the 
decays following exposures of 60, 30 and 15 seconds respectively. These 
lines are seen to have nearly the same value for their y-intercept, L. 
The significance of this may be shown by differentiating equation (12) 
obtaining for the rate of decay of the current 


- oo oe 
dt (Mt+L)?° 
Now when ¢ = 0, this becomes 
_dy 
dt L’ 


1 Goldmann, loc. cit., p. 478. 
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Thus we see that the y-intercept L is the recriprocal of the initial rate of 
decay of the current and that the intersection of the three lines upon the 
y-axis signifies that the initial rate of decay of the current is not dependent 
upon the length of exposure. In order to test this conclusion the equa- 
tions for all the decay curves of this series have been computed. The 
results are shown in Table IV. Column 1 gives the duration of the 
exposure in seconds, 2 and 3 give the values of L and M, and 4, the ordi- 
nate of the asymptote of the hyperbola. 





TABLE IV. 
I, | - 2, 7 3, ae anid 4, 
r. i. M. y. 
60.0 2.0 | .139 | 3 
60.3 1.88 .137 | 4 
60.7 2.0 134 | 15 
Av. 1.96 
31.0 1.77 .166 | 0 
29.5 1.85 .167 0 
29.9 1.9 .169 05 
30.0 1.85 .170 Al 
Av. 1.84 
15.7 1.98 | 222 0 
15.0 1.94 | .223 0 
15.0 1.91 .230 | 05 
Av. 1.94 


An examination of the values in column 2 confirms the conclusion of the 
constancy of Z within its accuracy of measurement which is about 5 per 
cent. The values of y’ in column 4 are either zero or small and positive. 
It has been frequently observed that the current does not in general 
decrease to zero but to a small positive value.! This value is seen to 
be practically zero for exposures up to 30 seconds duration but to cer- 
tainly have a finite value for an exposure of 60 seconds. The possible 
deviation from the hyperbolic equation during the early part of the 
decay which was discussed above in connection with Fig. 13 and Table ITI. 
does not occur in any of the 15 second exposure data and is not marked 
in the 30 second exposure data. This suggests the possibility of this 
deviation being related to y’. 

We may in fairness conclude that following a short exposure, the 
current decreases from an initial value, yo, to a small value, y’, at a variable 
rate, v, whose initial value, vep(=1/L), is independent of the duration of 


1 Goldmann, loc. cit., p. 512. 
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the exposure and that the curve of decay is fairly well represented by an 
equilateral hyperbola which is completely determined by these three 
constants yo, ¥) and y’. Its equation in terms of them is 


(y - | — = (yn - y) | 


A detailed study of vp and y’ as functions of the physical and chemical 
properties of the electrodes and the electrolyte and of y’ as a function of 
the length of exposure promises to give valuable information concerning 
the nature of the effect. 

The invariance of vo with the length of exposure in a way explains our 
failure in the attempt to represent the data for the decay by an exponen- 
tial equation. It is a well known characteristic of this type of equation 
that the first derivative of the dependent variably, y, is a linear function 
of y. Now if vo is invariant with respect to the time of exposure it will 
be invariant with respect to mo which is a function of that time. If an 
exponential equation is to meet this condition it must have exponents 
which are themselves functions of 7. This is not the case in Goldmann’s 
theory of the effect. 

In a theoretical discussion of this effect there should be taken into 
account three facts not hitherto considered. The fact that the rate at 
at which the current starts to decay after a short exposure varies only 
slightly, if at all, with the length of exposure, is inconsistent with any 
theory in which the rate of decay depends upon the value of the 
current. The existence of a dark current, simillar in character to 
the photoelectric current and varying in value with the photoelectric 
sensitivity and with the nature and temperature of the electrodes, makes 
the theory that the current originates solely in the ionization of the 
rhodamine molecule by the incident light, insufficient. The discovery 
by Thompson! that the material of which the electrode is composed 
has a marked effect upon the photoelectric sensitivity confirms this view 
and further points to the probability that the electrodes play an active 
part which must be considered in explaining the effect. 
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APPENDIX. 


Proof of Equation (8).—Let i,i,, and i, represent the currents in h, r, and c respectively, due 
to the motion of the galvanometer coil. (See Fig. 2.) Then 


t =i, +i. (15) 
The potential difference between the ends of the resistance, r, is 
1 — 02 = Pi, (16) 
as f i-dt. (17) 
c 


1 Loc. cit 
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Eliminating i, between (15) and (16) and writing 
€ =P ic, (18) 
n—v =ri —e. (19) 
This equation is of the form of the expression for the difference of potential between the ends 


of a conductor of resistance, r, carrying a current, i, and containing an electromotive force, e. 
We may therefore consider the branches ¢c and r replaced by such a conductor for the 


purpose of studying effects outside of these branches. If we eliminate 7 — veand i, between 
equations (17), (18), and (19) we obtain for the condition on the value of e 
de e di 
pes — hie. 20 
dt + rc j at (20) 


Let E be the electromotive force induced in g by the motion of the coil. The current in r 
due to E equals the current which E would produce in g if it were situated in r which is 
E/{n(r + §)].!. This current is superimposed upon the current inry due toe. Therefore 
Sen en, 
nr +h) r+¢ 
Eliminating i between (20) and (21) and writing w for rf/(r + $), 


F4tne& (22) 


(21) 


or 
r dE 
= «<< ‘a—t)iwe | —— 
e te . [ 7 |, ds, (23) 


where s is the variable of integration and & is the value of t when e = o. 
Now the total current in the galvanometer coil will be that resulting from the superposition 
of the current due to E, that due to e and that portion of the current to be measured which 


flows through the galvanometer. 
E e 


PF u 
u°) tates (24) 
The electromotive force E equals —Nd6/dt, where N is product of the area and number of 
turns of the coil and the magnetic induction of the field in which it is suspended. Substituting 
this value of E in (23) and (24) and eliminating e between the two equations, 
u N-: Nw - . 
Sie eat ae aE ee 3--t) 
i= ; () nt Jt, €8—Hl/wc 9, ds. (25) 
There act upon the galvanometer coil the following torques:—that due to the current, —Nig; 
that due to the elastic suspension, —7 6; that due to friction, — uw(d6/dt). Equating the sum 
of these to the rate of change of the angular momentum, / 6, and eliminating i, by equation 
(25), we obtain 





si s% « ‘ t i N 
16+(u+—)64+%8 e—Hiwe 9@,ds +70 =—u (26) 
Pp n2f? A ty n 


Suppose @ to be measured on a scale at distance, m, from the mirror. Then @ = x/2m. 
Substituting this value for @ and multiplying through by 2m/r, we obtain 
i xh 2 . id 
at + («+> )e+ SE e*—Hlwc [x], ds +x =—, (27) 
p Aw ¥ to nj 
in which a@ is written for I/r; x, for w/t; \ for N?/r and j, for r/2mN. Writing 8 for x + A/p 
and multiplying by nj gives equation (8). 
Now to has been defined by the condition, ¢ = t whene = 0. This condition holds when 
x and x are both zero for then u = mjx, a constant, and the current in each resistance of the 
network of Fig. 2 is constant. But 


7 or = ¢ v2) < 
sili _—: at 


and thus must be zero when # is constant. 


1 Maxwell, ‘‘ Electricity and Magnetism,” Sec. 281. 
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The Concept of Nature. By A. N. WHITEHEAD. Cambridge, England: The 

University Press, 1920. Pp. ix + 202. 

A sequel to the author's Principles of Natural Knowledge in which his 
method of extensive abstraction is further elaborated. 

The dependence of the character of space on the character of time is used 
as a basis for the systematic explanation of both. 


Memoria de la Facultad de Ciencias Fisicas, Matematicas Y Astronomicas. 
Correspondiente A 1918. No. 8. La Plata: Facultad de Ciencias Fisicas, 
Matematicas Y Astronomicas, 1920. Pp. 1 + 136. 

The annual Record of the Scientific Activities of the University of La Plata 
for 1918 containing: 

1. A list of titles of scientific work published by the faculty with rather full 
abstracts. 

2. A statement of courses offered and various statistics concerning the 
university. 


Tables Logarithmiques et Trigonometriques A Quatre Décimales et Tables a 
Trois Décimales A L’Usage des Physiciens et des Navigateurs. By H. 
RocguEs DESVALLEES. Paris: Gauthier-Villars et Cie, 1920. Pp. xxiv 
+ 72. 

This set of tables contains the usual directions for use; logarithms and 
anti-logarithms; addition logarithms and subtraction logarithms; and values 
of the trigonometrical functions conveniently arranged. 


Organizacao do Estudo da Fisica. By ALvARo R. Macnapo. Porto: Tipo- 
grafia Sequeira, 1920. Pp. 1-+ 146. 
Notes and Observations upon the facilities for the study of physics in Spain, 
France, Switzerland, Belgium and England. 


Course de Cinematique Theorique. By H. LAcAzE. Paris: Gauthier-Villars et 
Cie, 1920. Pp. 1 + 138. 
The five chapters of this brief treatise deal respectively with: 
Vectors; Kinematics of a point; Movement of a Solid; The Composition of 
Accelerations; The Displacement of a Vector in a Plane. 





